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Introduction
Quantities of physical interest in a mechanical system are often described
as time averages along the trajectories of the system. Since such averages are in
general difficult to compute, a fundamental idea which goes back to Boltzmann
is to replace them with averages over the phase space. In the mathematical
formulation, a flow (M,ΦτX , µ) on a manifoldM , generated by a smooth vector
field X, is ergodic if the time averages of any integrable function converge with
probability one to the average with respect to the invariant probability measure
µ as ‘time’ goes to infinity. It is therefore a relevant problem to establish
quantitative estimates on the speed of convergence and on the asymptotic
behaviour of time averages of functions in ergodic systems. However, a basic
result in ergodic theory [50, §3.2 B, Th. 2.3] states that for a general integrable
function the speed of convergence can be arbitrarily slow. It is then reasonable
to restrict the class of functions under consideration to functions with a certain
degree of smoothness.
For many systems with strongly chaotic, hyperbolic behaviour the Central
Limit Theorem (CLT) is known to hold. Examples include smooth uniformly
hyperbolic systems, like geodesic flows on compact manifolds of negative cur-
vature (Sinai, Ratner), discontinuous uniformly hyperbolic systems, like bil-
liards with convex scatterers (Sinai’s billiards) and non-uniformly hyperbolic
systems, like Bunimovich’s billiards (the reader can consult the survey by M.
Denker [10] or the more recent papers by L.-S. Young [75], [76]). The CLT
states that, for any Ho¨lder continuous function f on M ,
(0.1)
1√T
{∫ T
0
f
(
ΦτX(p)
)
dτ − T
∫
M
f dµ
}
→ N (0, σf ) ,
in the sense of probability distributions, where N (0, σf ) is the normal (Gauss-
ian) distribution with zero mean and variance σ2f . A related result, also known
for some examples of hyperbolic systems [10], is the so-called Law of Iterated
Logarithms (LIL). The LIL provides the following almost everywhere upper
bound on the deviation of ergodic averages:
(0.1′)
∫ T
0
f
(
ΦτX(p)
)
dτ − T
∫
M
f dµ = O(√T log log T ) .
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If CLT and LIL hold, then the stochastic process {f◦ΦτX}τ∈R on the probability
space (M,µ) behaves to some extent as if it were truely random (i.e. such as
outcomes from flipping a coin or the Brownian motion).
In the non-hyperbolic case less is known. If the system is uniquely ergodic,
the convergence of ergodic averages is uniform, with respect to p ∈ M , for all
continuous functions. It is therefore natural to ask for pointwise estimates on
the deviation of ergodic averages. A fundamental and well understood example,
for its relevance in Hamiltonian mechanics, is given by regular quasi-periodic
motions on tori, which have zero topological entropy, are never mixing but
generically are uniquely ergodic. In particular, for a generic smooth aperiodic
conservative flow on the 2-dimensional torus T 2, the Denjoy-Koksma inequality
[25, Chap. VI, §3] and the metric (measure) theory of continued fractions [36,
Chap. III, Ths. 30 & 31] imply that, if f is a function of bounded variation,
then for all p ∈ T 2 and any α > 0,
(0.2)
∣∣∣∣ ∫ T
0
f
(
ΦτX(p)
)
dτ − T
∫
M
f dµ
∣∣∣∣ ≤ CαVar(f) log T (log log T )1+α .
In addition, if f is sufficiently smooth, a Fourier series argument shows that
(0.2′)
∣∣∣∣ ∫ T
0
f
(
ΦτX(p)
)
dτ − T
∫
M
f dµ
∣∣∣∣ ≤ Cf ,
as a consequence of the existence of smooth solutions of the cohomological
equation Xu = f −∫M f dµ. Conservative aperiodic flows on tori are examples
of elliptic dynamics, characterized by very slow or no divergence of nearby
orbits. Hyperbolic systems display exponential divergence of orbits, which is
the fundamental source of their strongly chaotic properties.
The above results leave open all intermediate cases. A lemma proved
by M. Ratner [51, Lemma 3.1], based on the Chebychev inequality, states
that polynomial decay of correlations implies polynomial speed of convergence
of ergodic averages. According to Ratner, if a function f has polynomial
decay of correlation with exponent 0 < αf < 1, then for any ε > 0 there are
P := Pε ⊂M with µ(P ) ≥ 1− ε and TP > 0 such that, if p ∈ P ,
(0.3)
∣∣∣∣ ∫ T
0
f
(
ΦτX(p)
)
dτ − T
∫
M
f dµ
∣∣∣∣ ≤ T 1−α′ ,
for all T ≥ TP , where α′ := α′f = αf/8. Ratner’s result was proved with the
horocycle flow on a compact surface of constant negative curvature in mind
and for which the required polynomial decay of correlations was known [52].
In the horocycle case Ratner’s result was improved upon by M. Burger. He
proved [7, Th. 2 (C)] that, if M is the unit cotangent bundle of a compact Rie-
mannian surface R of constant negative curvature, then (0.3) holds uniformly
for all p ∈ M with exponent 0 < α′ < 1 determined by the smallest non-zero
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eigenvalue of the Laplace-Beltrami operator on R. The results of Ratner [52]
and Burger [7] are based on the Fourier analysis for the Lie group PSL(2,R).
The horocycle flow, which is uniquely ergodic and mixing, is an example of
parabolic dynamics, characterized by polynomial divergence of nearby orbits.
In this paper we establish results on the asymptotic behaviour of ergodic
averages for a class of conservative flows with isolated canonical saddle singu-
larities on higher genus surfaces. Such flows were originally introduced and
studied mainly by the Russian school as a simple model of the dynamics of
Hamiltonian systems in the case of a ‘multivalued’ Hamiltonian, as in the pres-
ence of an electromagnetic field [48, §6], or other first integral, as in the case of
billiards in rational polygons and related systems [77]. L.-S. Young [74] proved
that all continuous flows on surfaces have zero topological entropy. A.V. Ko-
cergin [37, §5, Th. 3] established the mixing property for ergodic flows in case
all singularities are (degenerate) mixing saddle points [37, Def. 5.3]. To the au-
thor’s best knowledge, no satisfactory estimates for the decay of correlations
are known and mixing is an open question in case one of the saddles is of Morse
type (a recent result of B. Fayad [16, I, Th. 3.1] for flows on the torus suggests
that flows with mixing saddle points should have polynomial decay of corre-
lations). In contrast to the asymptotic behaviour of ergodic averages, which
essentially depends only on the orbit foliation, the mixing property for flows
with singularities is extremely sensitive to time changes. In fact, if the return
time function (to a transverse interval) is of bounded variation, then the flow
is not mixing [30]. In this case the flow cannot however be continuous. The
(unique) ergodicity on the complement of the singular set for generic flows,
known in the related case of interval exchange transformations as the Keane
conjecture, was finally proved by H. Masur [43] and W. Veech [65].
A. Zorich, motivated by a question of S. P. Novikov [48, §6] on the semi-
classical trajectories of an electron on the Fermi surface of a metal [82, §§1.3
& 1.4], has discovered in numerical experiments a striking non-standard be-
haviour of ergodic averages. In his papers [78]–[82] and his joint paper with
M. Kontsevich [38] he has proved several partial results and formulated con-
jectures that draw a fairly complete picture of the new phenomenon. In [18]
the author has proved the existence of distributional obstructions, not given by
measures, to solving the cohomological equation Xu = f . As a consequence,
the estimate (0.2′) can be proved only for a finite codimensional subspace of
the space of smooth functions (described by the vanishing of a finite number
of invariant distributions), in agreement with Zorich’s conjectures. This paper
essentially completes Zorich’s program on the deviation of ergodic averages.
The approach followed is Zorich’s and, especially, Kontsevich-Zorich’s [38], ex-
cept for the relevant role played by invariant distributions and by the methods
developed in [18]. The results obtained below, together with those of [18], show
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that the dynamics of generic conservative flows on higher genus surfaces differs
significantly from the genus one case. It appears in fact to be closer to the
behaviour expected in the parabolic case, represented by the horocycle flow.
This phenomenon can heuristically be explained by the divergence of nearby
orbits produced by saddle-like singularities that are unavoidable in the higher
genus case [33, Chap. 8, §4].
Let M be a compact orientable surface of genus g ≥ 2, let (Σ, ı) be a
divisor on M , in the sense that Σ := {p1, . . . , pσ} is a finite subset of M and
ı := (ı1, . . . , ıσ) ∈ Zσ, with the properties that ık < 0 for all k ∈ {1, . . . , σ}
and
∑
k ık = 2 − 2g. Let F ı(M,Σ) be the space of orientable measured folia-
tions, in the sense of W.Thurston [62], with (possibly degenerate) saddle-like
singularities of canonical type at Σ, of index ık at pk for each k ∈ {1, . . . , σ},
and no regular leaves homologous to zero. Let ω be any smooth non-negative
2-form on M , positive on M \ Σ, allowed to have zeroes at Σ. Let E ıω(M,Σ)
be the space of all smooth ω-preserving vector fields on M \ Σ such that
the form ηX := ıXω is smooth (and closed) on M and the orbit foliation
FX := {ηX = 0} ∈ F ı(M,Σ). The main goal of the paper is to prove the
following result, conjectured by M. Kontsevich and A. Zorich [38] on the basis
of numerical experiments:
Theorem 0.1 (Theorem 9.6). For ‘almost all ’ X ∈ E ıω(M,Σ), the flow
ΦτX has a deviation spectrum in the following sense. There exists a finite set
of exponents
(0.4) λ′1(X) = 1 > λ
′
2(X) > · · · > λ′s(X) > 0
and a splitting of the space I1X(M) of X-invariant distributions of order 1 (i.e.
solutions D ∈ H−1(M) of the equation XD = 0)
(0.4′) I1X(M) = I1X(λ′1)⊕ I1X(λ′2)⊕ · · · ⊕ I1X(λ′s)
such that the following holds. Let f ∈ H10 (M \ Σ) be a weakly differentiable
function with L2 partial derivatives, supported in M \Σ, such that
(0.5) DX(f) = 0 , for all DX ∈ IX(λ′1)⊕ · · · ⊕ IX(λ′i) .
If i < s in (0.5), then for all p ∈M with regular forward trajectory,
(0.6) lim sup
T →+∞
log | ∫ T0 f(ΦX(p, τ)) dτ |
log T ≤ λ
′
i+1(X)
and there exists DXi+1 ∈ IX(λ′i+1) \{0} such that, if DXi+1(f) 6= 0, then equality
holds in (0.6) for almost all p ∈M .
If i = s in (0.5), then, for all p ∈M with regular forward trajectory,
(0.6′) lim sup
T →+∞
log | ∫ T0 f(ΦX(p, τ)) dτ |
log T = 0 .
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The multiplicities mi(X) := dim IX(λ′i) satisfy the conditions
∑
imi(X) = g
and m1(X) = 1, since IX(λ′1) = R ·ω . The deviation spectrum with multiplic-
ities {(λ′i(X),mi(X)) | i = 1, . . . , s} is locally constant on E ıω(M,Σ).
The measure class on E ıω(M,Σ) is the (standard) one obtained by con-
sidering the Lebesgue measure on the A. Katok’s fundamental classes of area-
preserving vector fields. The fundamental class of a vector field X ∈ Eω(M,Σ)
is, following [29], the cohomology class of the closed 1-form ηX := ıXω in
H1(M,Σ;R). The pull-back of the Lebesque measure class on the cohomology
vector space under the map E ıω(M,Σ) → H1(M,Σ;R), given by X → [ηX ],
yields the measure class considered in the statement of Theorem 0.1. The
symbols H1(M), H−1(M) denote the standard L2 Sobolev spaces on the com-
pact manifold M [1]. The space H1(M) is defined as the space of L2 weakly
differentiable functions with L2 partial derivatives and the space H−1(M) as
the dual of the Banach space H1(M). The space H10 (M \ Σ) ⊂ H1(M) is the
subspace of functions with compact support in M \ Σ.
In the case i = 0, the statement of Theorem 0.1 follows immediately from
the (unique) ergodicity of ‘almost all’ vector fields (the Keane Conjecture,
proved by [43], [65] and later on by several other authors by different meth-
ods) and from Birkhoff’s ergodic theorem. In fact, the continuous embedding
H1(M) ⊂ L1(M,ω) holds by the Ho¨lder inequality. In case the function f
has zero average, by the theory of sign changes of ergodic integrals [50, Chap.
3(C)], the lower limit of the quantity in (0.6) is −∞ and the limit does not
exist for almost all p ∈M . In the related case of interval exchange transforma-
tions, A. Zorich [80], [82] proved a statement similar to Theorem 0.1 for linear
combinations of characteristic functions of the sub-intervals. He conjectured
that all the exponents in (0.4) are non-zero and that the spectrum is simple,
in the sense that all the multiplicities m1 = · · · = ms = 1 (hence s = g), as
suggested by the numerical evidence and the results he had presented in [78],
[79], [80]. We were unable to prove the part of the conjecture concerning the
simplicity of the spectrum, except in the case g = 2. In [38] M. Kontsevich
and A. Zorich conjectured that, in the case of area-preserving flows on surfaces,
Zorich’s theorem could be generalized to smooth functions. The role played
by invariant distributions was not part of the Kontsevich-Zorich picture. The
author regards it as his most important contribution to the subject.
The proof of Theorem 0.1 is based on several results, concerning the Te-
ichmu¨ller geodesic flow, which, we believe, are of independent interest. Follow-
ing the conjectural approach outlined in [38], we have proved the non-uniform
hyperbolicity of a ‘renormalization’ cocycle, introduced in [38], and earlier in
a different form in [79], [80]. The Kontsevich-Zorich cocycle is a flow on a
symplectic vector bundle over the moduli space Mg of holomorphic quadratic
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differentials on Riemann surfaces of genus g ≥ 2. The fiber of the vector bundle
at a quadratic differential q is the cohomology vector space with real coeffi-
cients H1(Mq,R) of the Riemann surfaceMq carrying q. The cocycle is defined
as a lift of the Teichmu¨ller geodesic flow, obtained by parallel transport of co-
homology classes with respect the canonical flat (Gauss-Manin) connection of
the bundle. Since the Kontsevich-Zorich cocycle is defined on a symplectic
vector bundle (of dimension 2g), it has a symmetric Lyapunov spectrum:
(0.7) λ1 = 1 ≥ λ2 ≥ · · · ≥ λg ≥ 0 ≥ −λg ≥ · · · − λ2 ≥ −λ1 = −1 .
The numbers λ′1(X) > · · · > λ′s(X) > 0 appearing in the statement of Theo-
rem 0.1 are the distinct positive Lyapunov exponents of the Kontsevich-Zorich
cocycle with respect to the canonical absolutely continuous invariant measure
of the Teichmu¨ller flow on the appropriate connected component of a stratum
of the moduli space determined by X ∈ E ıω(M,Σ). We prove the following
result:
Theorem 0.2 (Corollary 2.2 & Th. 8.5). (i) The first Lyapunov exponent
λµ1 = 1 of the Kontsevich-Zorich cocycle, with respect to any ergodic probability
measure µ of the Teichmu¨ller flow on the stratum of squares of holomorphic
differentials, is simple. In fact, the second Lyapunov exponent λµ2 < 1.
(ii) The Kontsevich-Zorich cocycle is non-uniformly hyperbolic with re-
spect to the canonical absolutely continuous invariant probability measure of
the Teichmu¨ller flow, in the sense that, for (Lebesgue) almost all quadratic
differentials on each connected component of a stratum of squares,
(0.7′) λ1 = 1 > λ2 ≥ · · · ≥ λg > 0 .
The Lyapunov spectrum of the Kontsevich-Zorich cocycle contains all the
non-trivial information on the Lyapunov spectrum of the Teichmu¨ller geodesic
flow, which was proved by W. Veech [66] to be non-uniformly hyperbolic on
each connected component of a stratum of quadratic differentials, with respect
to the canonical absolutely continuous invariant probability measure. In fact,
the explicit formulas (1.2′) hold and Theorem 0.2 is therefore equivalent to the
following:
Theorem 0.2′. (i) All probability invariant measures of the Teichmu¨ller
geodesic flow, in particular all periodic trajectories, on any stratum of squares,
are non-uniformly hyperbolic, in the sense that the Lyapunov exponent 0
(corresponding to the direction of the flow) is simple.
(ii) The multiplicity of the Lyapunov exponent 1, on every connected com-
ponent of a stratum of squares having σ ∈ {1, . . . , 2g − 2} distinct zeroes, is
almost everywhere exactly equal to σ−1, with respect to the canonical absolutely
continuous invariant probability measure.
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The proof of Theorem 0.2 (and of Theorem 0.2′), carried out in Sections
2–5 and Section 8, is based on explicit equations for the Kontsevich-Zorich
cocycle in appropriate coordinates, established in Section 2. By applying such
equations, we are able to obtain a remarkably simple proof of Theorem 0.2 (i)
(Corollary 2.2) and to compute formulas for the hyperbolic Laplacian of the
logarithm of the volume on any isotropic k-plane in H1(M,R) over Teichmu¨ller
disks (in §3 and §5). In the particular case k = g, we obtain a new version
of the formula obtained in [38]. The argument is thus reduced to a geometric
problem concerning the determinant of the directional derivatives of the period
matrix, which is solved in Section 4 by studying quadratic differentials near
special boundary points of the moduli space. The complete proof of the non-
uniform hyperbolicity of the Kontsevich-Zorich cocycle (Theorem 8.5) depends
on additional information on the invariant sub-bundles (which could be in
fact deduced, as remarked by A. Eskin, from [66]), studied in Section 6 and
Section 8.
Any holomorphic quadratic differential q on a Riemann surfaceMq can be
identified with a pair (Fq,F−q) of transverse measured foliations (in the sense
of [62]), the horizontal foliation Fq := {ℑ(q1/2) = 0}, the vertical foliation
F−q := {ℜ(q1/2) = 0}. Let q be the square of a holomorphic (abelian) dif-
ferential which is a regular point (in the sense of the Oseledec’s theorem [49],
[32, Th. S.2.9]) of the Kontsevich-Zorich cocycle. Let E+q [E
−
q ] ⊂ H1(Mq,R)
the unstable [the stable] subspace at q of the Kontsevich-Zorich cocycle. Such
spaces have a dynamical interpretation, discovered by A. Zorich [78], in terms
of the foliations F±q. Let γ̂T±q be the closed curve on M obtained as the union
of a leaf of length T > 0 of the foliation F±q and of a ‘short’ segment of length
≤ diam (Mq). Then the distance of the homology class [γ̂T±q] ∈ H1(M,R) from
the Poincare´ dual of the subspace E±q is (uniformly) bounded for all T > 0.
The cycles contained in the Poincare´ dual of the subspace E±q have been called
[47, §7.9.3] the Zorich cycles of the measured foliation F±q. The Schwartzman
[57] asymptotic cycle of the foliation F±q is a particular Zorich cycle. It fol-
lows from Theorem 0.2(ii) that the dimension of the space of Zorich cycles is
‘generically’ equal to the genus g ≥ 2.
We have proved that all cohomology classes in the E±q , i.e. all the Poincare´
duals of Zorich cycles of F±q, can be represented by (closed) currents with spe-
cial properties. Let Σq ⊂M be the finite set of the zeroes of the quadratic dif-
ferential q. A current of dimension (and degree) equal to 1 on the 2-dimensional
manifoldM\Σq is a continuous linear functional on the space of smooth 1-forms
with compact support [11], [56, Chap. IX]. A basic current for the measured
foliation F±q is defined as a distributional generalization of the notion of ba-
sic form, well known in the geometric theory of foliations since the work of
B. L. Reinhart [53], [54] (see also [2, §1.5 & §7], [63, Chap. 4]). A current C of
dimension (and degree) equal to 1 is basic for the measured foliation F±q|M\Σq
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if, for all vector fields X tangent to F±q with compact support in M \Σq,
(0.8) ıXC = LXC = 0 .
The operation of contraction ıX and Lie derivative LX are extended to
currents in the standard distributional sense [56, Chap. IX, §3]. If a current C
onM \Σq (which is 2-dimensional) is basic then it is closed, hence it represents,
by the generalized de Rham theorem [11, Th. 12], [56, Chap. IX, §3, Th. I],
a cohomology class in H1(M \ Σq,R). Let X± ∈ E ıω(M,Σq) be vector fields
respectively tangent to the leaves of F±q . There is a one-to-one correspondence
between the space of X±-invariant distributions on M \ Σq and the space of
basic currents for F±q|M\Σq . In fact, if D± is any X±-invariant distribution,
then its contraction ıX±D± is a current of dimension (and degree) equal to
1 which is basic for F±q. The X±-invariant measures are a particular case
of X±-invariant distributions and the related basic currents where implicitly
considered by A. Katok [29].
The space of currents on M \ Σq is filtered by a sequence of weighted
Sobolev spaces H−sq (M), s ≥ 0. A basic current for F±q, of finite order s ≥ 0,
is a current C ∈ H−sq (M) of dimension (and degree) equal to 1 such that
the identities (0.8) hold for all vector fields X tangent to F±q for which the
operators ıX : H−sq (M) → H−sq (M) and LX : H−sq (M) → H−s−1q (M) are well
defined. Basic currents of order 0 correspond to absolutely continuous invariant
measures. It can be proved (see Lemma 6.2) that the cohomology class of a
basic current for F±q, of order s ≥ 0, belongs to the cohomology vector space
H1(M,R) ⊂ H1(M \ Σq,R). The following result describes the invariant sub-
bundles of the Kontsevich-Zorich cocycle in terms of basic currents:
Theorem 0.3 (Theorem 8.3). For almost all quadratic differential q in
every stratum of squares of holomorphic differentials, the invariant unsta-
ble [stable] subspace at q of the Kontsevich-Zorich cocycle is the subspace
E+q [E
−
q ] ⊂ H1(Mq,R) given by the cohomology classes of the basic currents
for Fq [F−q] which are of order 1.
Theorem 0.3 is in fact valid with respect to any SL(2,R) invariant prob-
ability measure on the moduli space and it requires no information on the di-
mension of the stable or unstable sub-bundle. The proof is based on a Cheeger-
type estimate of the first non-trivial eigenvalue of the Dirichlet form of the flat
metric induced by a quadratic differential, proved in Section 6.3, and on the
logarithmic law for geodesics in the moduli space, proved in [44].
Theorem 0.2 and Theorem 0.3 imply that the dimension of the space
of basic current of order 1 for a ‘generic’ measured foliation on a compact
orientable surface M is equal to the genus g ≥ 2 of M . It is interesting to
compare such a result with the results we have proved in Section 7 on the
space of all basic currents of finite order.
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Theorem 0.4 (Theorems 7.1 & 7.7). Let ηF denote the smooth closed
1-form such that F := {ηF = 0}.
(i) There exists r > 1 such that , for almost all orientable measured foli-
ations F ∈ F ıω(M,Σ), the space H1,sF (M,R) of cohomology classes of F-basic
currents of any order s ≥ r (called the H−s basic cohomology of F) has codi-
mension 1 in the cohomology H1(M,R). In fact,
(0.9) H1,sF (M,R) := {c ∈ H1(M,R) | c ∧ [ηF ] = 0} .
(ii) Let X be any smooth vector field on M \ Σ such that ıXηF ≡ 1.
Let C be an F-basic current of order s ≥ 0 such that the cohomology class
[C] = 0 ∈ H1(M,R). Then there exists an F-basic current Ĉ of order s − 1
such that C = d ıX Ĉ. (The restriction of the operator d◦ıX to F-basic currents
does not depend on the choice of the vector field X).
By Theorem 0.4(i), the regularity restriction on basic current in the state-
ment of Theorem 0.3 is crucial. Theorem 0.4(ii) implies that there are only
a finite number of ‘primitive’ basic currents for any measured foliation. How-
ever, since 2g − 1 > g, by Theorem 0.4(i), not all of them have a dynamical
significance, according to Theorem 0.1 or Theorem 0.3. The question whether
all basic currents (with non-vanishing cohomology class) have a dynamical in-
terpretation is left unanswered (see Question 9.10). The proof of Theorem 0.4
is based on the results of [18].
In order to prove Theorem 0.1, we introduce a cocycle Gct over the Te-
ichm¨uller flow Gt, defined on the infinite dimensional bundle Z
−1(M) over the
moduli space with fiber given by the space of all closed currents of order 1.
The projection of the cocycle Gct under the map Z
−1
q (M)→ H1(Mq,R), given
by the generalized de Rham theorem, coincides with the Kontsevich-Zorich co-
cycle. There is no general Oseledec’s theorem for infinite dimensional (Hilbert)
bundles and the available ones (see the survey [55]) do no seem to apply to
the case at hand. However, we derive from Theorem 0.2 and Theorem 0.3 the
following Oseledec-type splitting:
Theorem 0.5 (Theorem 8.7). There is a Gct -invariant splitting
(0.10) Z−1(M) ≡ B1+(M)⊕ B1−(M)⊕ E−1(M) .
(i) B1±(M) is the bundle of F±q-basic currents of order 1 over the moduli
space of squares of holomorphic differentials.
(ii) The restriction of the cocycle Gct to the bundle B1+(M) ⊕ B1−(M) is mea-
surably isomorphic to the Kontsevich-Zorich cocycle on the cohomology
bundle.
(iii) The Lyapunov spectrum of the cocycle Gct on B1±(M) consists of the set of
Lyapunov exponents ±{λ1, . . . , λg} given by (0.7′).
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(iv) The fiber of the bundle E−1(M) at q consists of all exact currents of
order 1. The Lyapunov spectrum of the cocycle Gct on E−1(M) is reduced
to the single Lyapunov exponent 0.
The strategy of the proof of Theorem 0.1 is then clarified by the remark
that the return orbits of a flow ΦτX , X ∈ E ıω(M,Σ), closed by a (short) trans-
verse segment, are closed currents of order 1, by the Sobolev embedding theo-
rem [1, Th. 5.4]. Hence, their evolution under the action of the cocycle Gct can
be studied by applying Theorem 0.5. Since Gct is a cocycle over the Teichmu¨ller
flow, which plays the role of a renormalization dynamics for the flows of the
vector fields X ∈ E ıω(M,Σ), Theorem 0.1 can be derived from Theorem 0.5
by standard techniques. The X-invariant distributions appearing in the state-
ment of Theorem 0.1 are in one-to-one correspondence with the basic currents
of order 1 for the orbit foliation FX given by Theorem 0.2(ii) and Theorem 0.3.
1. The Kontsevich-Zorich cocycle
Let Tg be the Teichmu¨ller space of all marked closed Riemann surfaces
of genus g ≥ 2. It can be viewed as the quotient of the space of all com-
plex structures on a compact orientable topological surface of genus g, with
respect to the equivalence relation induced by the natural action of the group
Diff+0 (M) of orientation-preserving diffeomorphisms homotopic to the identity.
For a general introduction to Teichmu¨ller theory and references to the relevant
literature we refer to the survey article by L. Bers [6]. In particular, Tg has
a natural complex structure (Alhfors-Bers), isomorphic to that of a bounded
domain of holomorphy of the Euclidean space C3g−3, and it can be equipped
with a natural Finsler metric (the Teichmu¨ller metric). The quotient of the
bundle of non-zero holomorphic quadratic differentials on marked closed Rie-
mann surfaces of genus g, with respect to the natural action of Diff+0 (M) by
pull-back, is a complex manifold Qg, which can be identified with the cotangent
bundle of Tg (minus the zero section). We will be concerned with subvarieties
of Qg given by holomorphic quadratic differentials with a prescribed pattern
of zeroes.
Let κ = (k1, . . . , kσ) satisfy the following properties: each ki is a positive
even integer and
∑
ki = 4g−4. We define Qκ to be the subset of Qg consisting
of quadratic differentials q such that (1) q is the square of a holomorphic
(abelian) differential; (2) the distinct zeroes of q have orders (k1, . . . , kσ). The
set Qκ is a complex analytic subvariety of Qg, which is called a stratum of Qg.
Since
∑
ki = 4g−4, the number of strata inQg is finite. The strata of Qg which
correspond to non-orientable quadratic differentials will not be considered here.
12 GIOVANNI FORNI
They can be studied by passing to suitable branched double covers over M . If
q ∈ Qκ, we denote by Mq be the Riemann surface carrying q and by Σq the
finite set of distinct zeroes of q.
Let Γg := Diff
+(M)/Diff+0 (M) be the pure mapping class group of the
compact orientable surface M of genus g ≥ 2. It is defined as the group
of isotopy equivalence classes of orientation-preserving diffeomorphisms of M .
The mapping class group acts by pull-back on Tg, Qg, Qκ. Such actions are
properly discontinuous and given by biholomorphic isometries (with respect
to the Teichmu¨ller metric). The quotient spaces Rg := Tg/Γg, Mg := Qg/Γg
are, respectively, the moduli spaces of complex structures and of quadratic
differentials on surfaces of genus g. Since there are Riemann surfaces with
non-trivial (but finite) automorphism group, Rg, Qg are complex orbifolds
(hence in particular complex analytic spaces) of dimension 3g − 3, i.e. for
each point p ∈ Rg [p ∈ Mg] there is a neighbourhood Up, a finite subgroup
G ⊂ GL(3g−3,C) [GL(6g−6,C)] and a neighbourhood U˜p of the origin in C3g−3
[C6g−6], such that Up ≡ U˜p/G. For each symbol κ, the quotient Mκ := Qκ/Γg
is called a stratum of the moduli space Mg. From their definition, it follows
that strata are complex analytic subvarieties of Mg. Moreover, each stratum
Mκ can be equipped with the structures listed below [66], [68], [38]:
(1) a natural complex affine orbifold structure modeled on the vector space
H1(M,Σκ;C), where Σκ is a finite subset of M with card(Σκ) = σκ;
(2) an absolutely continuous measure µκ;
(3) a locally quadratic non-holomorphic function A :Mκ → R+;
(4) a non-holomorphic action of the group GL+(2,R).
The structure (1) is given by the period map. There exists a locally defined con-
tinuous square root on Qκ, such that if q ∈ Qκ, q1/2 is a holomorphic (abelian)
differential with zeroes at Σq. The cohomology class of q
1/2 in H1(Mq,Σq;C) is
defined by integration of q1/2 along relative cycles in (Mq,Σq). The period map
gives a natural complex affine structure on Qκ, modeled on the vector space
H1(M,Σκ;C), where Σκ is a finite set with card(Σκ) = σ. In fact, the cohomol-
ogy H1(Mq˜,Σq˜;C) can be canonically identified with H
1(Mq,Σq;C), by paral-
lel transport with respect to the so-called Gauss-Manin connection [23, §2], on
a neighbourhood Uq of q ∈ Qκ. The Gauss-Manin connection in this context is
simply given by the property that parallel sections are the holomorphic sections
of the holomorphic vector bundle over Qκ with fiber H
1(Mq,Σq;C) which are
locally constant. Hence the period map Πq is defined on Uq into H1(Mq,Σq;C)
and is a (local) biholomorphism of Uq onto an open subset of H1(Mq,Σq;C).
This result can be proved by studying holomorphic deformations of quadratic
differentials in terms analogous to the Kodaira-Spencer theory of deformations
of complex structures [27, Chap. IV, §2]. The complex affine structure on Qκ,
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just described, induces, by quotient with respect to the action of the mapping
class group Γg, a complex affine orbifold structure on the stratum Mκ in the
moduli space.
The construction of the measure µκ in (2) is also based on the period
map. In fact, the Lebesgue measure on H1(Mq,Σq;C), uniquely normalized
by the condition that the volume of the 2g − 1 + σ complex torus obtained
as a quotient over the integer lattice C ⊗Z H1(Mq,Σq;Z) is equal to 1, gives
a smooth measure on Qκ, which projects by push-forward to a measure µκ
on Mκ.
The total area function A : Qg → R+ is defined for any quadratic differ-
ential q as the total area of the surface Mq with respect to the area form ωq
of the metric Rq induced by q [58, 5.3]. The function A is invariant under the
action of Γg, hence it can be viewed as a function on Mg.
Finally, the group GL+(2,R) of 2 × 2 matrices with positive determi-
nant acts on Qκ through the linear transformations on the pairs of real-valued
1-forms
(ℜ(q1/2) , ℑ(q1/2)). In the affine coordinate system described by (1),
it is the action of the group GL+(2,R) on the vector space
(1.1) H1(Mq,Σq;C) ≡ C⊗R H1(Mq,Σq;R) ≡ R2 ⊗R H1(Mq,Σq;R)
through the first factor in the tensor product. Such an action commutes with
the action of the mapping class group Γg and it induces therefore an action
on Mκ.
It follows immediately from the definitions that the subgroup SL(2,R)
of 2 × 2 matrices with determinant equal to 1 preserves the measure µκ and
the area function A. Consequently, on the hypersurface Q
(1)
κ := A−1(1) ∩ Qκ
we can define an induced smooth measure µ
(1)
κ := µκ/dA which is preserved
by the action of the group SL(2,R). The action of the 1-parameter subgroup
of diagonal matrices Gt := diag(e
t, e−t) gives a measure-preserving flow on
Qg, which preserves each stratum Qκ and each hypersurface Q
(1)
κ . Since the
action of GL+(2,R) commutes with the action of the mapping class group
Γg, Gt induces a measure preserving flow on the moduli space Mg, which
preserves each stratum Mκ and each hypersurface M(1)g := A−1(1) ∩ Mg,
M(1)κ := A−1(1) ∩ Mκ. Such a flow is known as the Teichmu¨ller geodesic
flow. As discovered by W.Veech [68] the strata are not always connected. A
complete description of all connected components of all strata has been given
conjecturally in [38] and has been recently proved in [39] for all the strata of
squares. In this paper we will not rely on such a description. By a theorem of
H. Masur [43] and W. Veech [66] the Teichmu¨ller flow is ergodic in the following
sense:
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Theorem 1.1 ([43], [66]). The total volume of the measure µ
(1)
κ on M(1)κ
is finite and the Teichmu¨ller geodesic flow Gt = diag(e
t, e−t) is ergodic on each
connected component of M(1)κ with respect to the invariant measure µ(1)κ .
In [38] M. Kontsevich and A. Zorich introduced a natural cocycle over the
Teichmu¨ller geodesic flow defined on a bundle overM(1)κ with fiber H1(Mq,R).
Such a cocycle plays the role of a renormalization group dynamics for flows
along measured foliations and for interval exchange transformations, as it will
appear from the content of Section 9. Let H1g (M,C) be the holomorphic vector
bundle with fiberH1(Mq,C) over the space Q
(1)
g of holomorphic quadratic with
unit total area. SinceQ
(1)
g is simply connected, the vector bundleH1g (M,C) can
be trivialized by parallel transport with respect to the Gauss-Manin connec-
tion, i.e. H1g (M,C) ≡ Q(1)g ×H1(M,C) (Riemann surfaces in the Teichmu¨ller
space are marked). The Teichmu¨ller geodesic flow Gt on Q
(1)
g lifts trivially
to the product bundle by the identity action on the second factor. Hence, it
lifts to a flow on H1g (M,C) (in other terms, cohomology classes are moved
by parallel transport along the Teichmu¨ller flow). Such a flow induces, by
quotient with respect to the mapping class group Γg, a flow on the complex
affine (orbifold) vector bundle H1g(M,C) := H1g (M,C)/Γg which preserves real
and imaginary parts of the bundle. The restriction of the flow to the real
sub-bundle H1g(M,R) := H1g (M,R)/Γg, introduced in [38], will be called the
Kontsevich-Zorich cocycle and denoted by GKZt . Such a cocycle leaves invari-
ant each stratum H1κ(M,R), defined as the restriction toM(1)κ of the (orbifold)
vector bundle H1g(M,R).
Since H1(M,R) has a natural symplectic structure, given by the wedge
product on the de Rham cohomology, the structure group of the bundles
H1κ(M,R) can be reduced to Sp(2g,R) ⊂ GL(2g,R). In this case Lyapunov
exponents form a symmetric subset of the real line. Kontsevich and Zorich
conjectured in [38], on the basis of numerical computations (see also [79]), that
the Lyapunov spectrum is simple, that is:
Kontsevich-Zorich Conjecture. The 2g Lyapunov exponents of the
Kontsevich-Zorich cocycle have the following properties:
(1.2) 1 = λ1 > λ2 > · · · > λg > 0 > λg+1 = −λg > · · · > λ2g = −λ1 = −1 .
Remark 1.2. In [66] W. Veech proved that the Teichmu¨ller geodesic flow
is non-uniformly hyperbolic on each stratumM(1)κ . Since the bundleH1κ(M,R)
does not coincide with the whole tangent bundle ofM(1)κ , Veech’s theorem does
not imply the Kontsevich-Zorich Conjecture. By (1.1) the Lyapunov exponents
of the Teichmu¨ller geodesic flow can be written as follows, in terms of the
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exponents (1.2) of the Kontsevich-Zorich cocycle [78, §5], [38, §7]:
(1.2′)
2 ≥ 1 + λ2 ≥ 1 + λ3 ≥ · · · ≥ 1 + λg ≥ 1 = · · · = 1︸ ︷︷ ︸
σκ−1
≥ 1− λg ≥ · · · ≥ 1− λ2 ≥ 0 ≥ −1 + λ2 ≥ · · · ≥ −1 + λg
≥ −1 = · · · = −1︸ ︷︷ ︸
σκ−1
≥ −1− λg ≥ −1− λg−1 ≥ · · · ≥ −1− λ2 ≥ −2 .
The non-uniform hyperbolicity of the Teichmu¨ller flow is therefore equivalent
to the statement that λ2 < λ1 = 1.
In this paper we prove that the Kontsevich-Zorich cocycle is non-uniformly
hyperbolic, that is λg > 0. Our method also yields a new proof of Veech’s
theorem λ2 < 1 (Corollary 2.2).
2. Variational formulas
Let q ∈ M(1)κ . Any cohomology class c ∈ H1(Mq,R) can be represented
by a harmonic differential. In fact c = [ℜ(h+)], where h+ is a holomorphic
differential on Mq. The vector space H
1(Mq,R) can be endowed with the
Hodge norm induced by the Hermitian structure on Mq. The Kontsevich-
Zorich cocycle along the Teichmu¨ller orbit of q can be written in the Hodge
representation in the form of an O.D.E. on a Hilbert space of square integrable
functions. We recall the basic setting established in [18].
Let Rq := |q|1/2 be the flat (smooth) metric induced by q onM , degenerate
at Σq, and let ωq be the corresponding area form [58, §5.3]. At any point
p ∈Mq \Σq, there exists a canonical holomorphic coordinate z := x+ iy such
that q = dz2 [58, §5.1]. Consequently,
(2.1) Rq = (dx
2 + dy2)1/2 and ωq = dx ∧ dy .
At a zero p ∈ Σq of order k, q = zkdz2 with respect to a canonical coordinate.
Hence,
(2.1′) Rq = |z|k/2 (dx2 + dy2)1/2 and ωq = |z|k dx ∧ dy .
Let F±q be the horizontal and the vertical foliation of q respectively, defined
by Fq := {ℑ(q1/2) = 0}, F−q := {ℜ(q1/2) = 0}. Such foliations are naturally
measured foliations in the sense of Thurston [62] with the transverse measures
|ℑ(q1/2)|, |ℜ(q1/2)| respectively. There exists a unique positively oriented frame
{S, T} of the tangent bundle TM on M \Σq, orthonormal with respect to Rq,
such that S, T are tangent to the horizontal, respectively the vertical, foliation
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of q. The vector fields S, T are smooth on M \ Σq and blow up at Σq. Let
(2.2)
ηT : = ℜ(q1/2) = −ıTωq ,
ηS : = ℑ(q1/2) = ıSωq .
Then ωq = ηT ∧ ηS and, in addition, since ηS and ηT are closed 1-forms, the
vector fields S, T preserve the area form ωq.
Let L2q(M) := L
2(M,ωq) be the Hilbert space of square-integrable func-
tions with respect to the area form. The Cauchy-Riemann operators ∂±q :=
S ± i T are closed on the domain H1(M) ⊂ L2q(M) (the Sobolev space of
weakly differentiable functions with L2 derivatives on the compact manifold
M) and have closed ranges R±q of finite codimension. In fact, the adjoints
of the Cauchy-Riemann operators satisfy the identity (∂±q )
∗ = −∂∓q , hence,
by Hilbert space theory, R±q are the orthogonal complements of the kernels
M∓q ⊂ L2q(M), which consist of anti-meromorphic, respectively meromorphic,
L2q functions (with poles at Σq) [18, Prop. 3.2]. There exist therefore two
orthogonal decompositions:
(2.3) L2q(M) = R
−
q ⊕⊥M+q = R+q ⊕⊥M−q
and two associated (orthogonal) projections π±q : L
2
q(M) → M±q . The spaces
M±q , endowed with the real Euclidean structure induced by the Hilbert struc-
ture on L2q(M), are isomorphic to the cohomology H
1(Mq,R), endowed with
the Hodge inner product determined by the metric Rq (by the area form ωq).
In fact, the R-linear maps c±q :M±q → H1(Mq,R) defined by
(2.4)
c+q (m
+) := [ℜ(m+q1/2)] ,
c−q (m
−) := [ℜ(m−q1/2)]
are isomorphisms of vector spaces. In addition
(2.5) ||c±q (m±)||2q :=
∫
M
c±q (m
±) ∧ ∗c±q (m±) = |m±|20 ,
where || · ||q is the Hodge norm on H1(Mq,R) (the Hodge ∗-operator on Mq
is given by ∗ηT = ηS , ∗ηS = −ηT ) and | · |0 the norm on L2q(M). These
assertions follow from the remark that, if h± is any holomorphic, respectively
anti-holomorphic, differential on Mq, then h
+/q1/2, h−/q¯1/2 are respectively
a meromorphic, an anti-meromorphic function with poles at Σq which belong
to L2q(M). The fact that all real cohomology classes can be represented as
the real part of a holomorphic (or anti-holomorphic) differential is a classical
property of Riemann surfaces [13, III.2]. A computation similar to (2.5) shows
that the symplectic form on H1(Mq,R), given by the wedge product, can be
written in M±q as follows:
c±q (m
±
1 ) ∧ c±q (m±2 ) = ℑ(m±1 ,m±2 )q ,(2.5′)
where (·, ·)q is the inner product in L2q(M).
DEVIATION OF ERGODIC AVERAGES 17
By (2.3) any function u ∈ L2q(M) has a decomposition u = ∂+q v + π−q (u)
with v ∈ H1(M). The operator Uq : L2q(M)→ L2q(M) given by
(2.6)
Uq(u) : = ∂
−
q v − π−q (u) ,
if u = ∂+q v + π
−
q (u)
is a R-linear isometry. In fact, by [18, Prop. 3.2] and the orthogonality of the
decomposition (2.3), we have
(2.6′) |Uq(u)|20 = |∂−q v|20 + |π−q (u)|20 = |∂+q v|20 + |π−q (u)|20 = |u|20 .
Let qt := Gt(q) denote the orbit of the quadratic differential q ∈ Q(1)κ
under the Teichmu¨ller geodesic flow Gt. By the definition of the Teichmu¨ller
flow, qt is given by the equations:
(2.7)
ηT (t) := ℜ(q1/2t ) = etℜ(q1/2) = etηT ,
ηS(t) := ℑ(q1/2t ) = e−tℑ(q1/2) = e−tηS .
In all the arguments which follow it is crucial that the area form ωq of the
metric Rq and, consequently, the inner product of the Hilbert space L
2
q(M), are
invariant under the Teichmu¨ller geodesic flow. Let {St, Tt} and ∂±t := St± i Tt
be the orthonormal system and the Cauchy-Riemann operators determined by
qt. We have:
(2.7′) ∂±t = St ± i Tt = e−tS ± i etT .
Let M±t := N(∂±t ) ⊂ L2q(M) denote the subspaces of meromorphic, respec-
tively anti-meromorphic, L2q functions on the Riemann surface Mt (endowed
with the complex structure determined by qt). The Kontsevich-Zorich cocycle
GKZt is described, along the orbit qt := Gt(q) of the Teichmu¨ller flow, by the
following variational formula:
Lemma 2.1. The ordinary differential equation
(2.8) u′ = Uqt(u)
is well-defined in L2q(M) and satifies the following properties.
(1) Solutions of the Cauchy problem for (2.8) exist for all times and are
uniquely determined by the initial condition.
(2) If ut ∈ L2q(M) is any solution of (2.8) with initial condition u0 ∈ M+q ,
then ut ∈ M+t , for all t ∈ R.
(3) Let m+t ∈ M+t be the unique solution of (2.8) with initial condition m+0 =
m+ ∈ M+q . For all t ∈ R, we have
(2.8′) GKZt
(
c+q (m
+)
)
= c+qt(m
+
t ) .
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Proof of (1). The O.D.E. (2.8) is well defined since the Hilbert space
L2q(M) is invariant along orbits of the Teichmu¨ller flow. The function F (t, u) :=
Uqt(u) is uniformly Lipschitz in the second coordinate, since Uq is an isometry,
and smooth on R×L2q(M). In fact, the Cauchy-Riemann operators ∂±t , densely
defined on the Hilbert space L2q(M) with common domain H
1(M), depend
smoothly on t ∈ R, as it can be seen by explicitly writing them in terms of the
fixed orthonormal frame {S, T}. The standard local existence and uniqueness
results for O.D.E. on Banach spaces therefore apply [40, Chap. IV]. Since for
any solution |u′t|0 = |ut|0, it follows that
(2.9) |ut|0 ≤ |u0|0 +
∫ t
0
|us|0 ds ,
hence by Gronwall’s lemma |ut|0 does not blow up in finite time. Local solu-
tions can be therefore continued for all times.
Proof of (2). A computation shows that the flow of (2.8) preserves mero-
morphic functions. In fact, since by (2.7) and (2.7′)
(2.10)
d
dt
q
1/2
t = qt
1/2 ,
d
dt
∂±t = −∂∓t ,
it follows that, if ut is a solution of the O.D.E. (2.8), we have:
(2.11)
d
dt
(∂+t ut) = −∂−t (ut) + ∂+t (u′t) = 0 ,
in the weak sense in L2q(M).
Proof of (3). Let π±t : L
2
q(M)→M±t ⊂ L2q(M) be the orthogonal projec-
tions. If m+t ∈ M+t is a solution of (2.8), there exists a function vt ∈ H1(M)
(unique up to additive constants) such that:
(2.12)
m+t = ∂
+
t vt + π
−
t (m
+
t ) ,
d
dt
m+t = ∂
−
t vt − π−t (m+t ) .
If vt is chosen with zero average for all t ∈ R then the map t→ vt ∈ H1(M) is
smooth. By (2.12)
(2.13)
d
dt
ℜ(m+t q1/2t ) = ℜ
(
(
d
dt
m+t +m
+
t )q
1/2
t
)
= 2ℜ(dvt) ≡ 0 ∈ H1(M,R) .
Hence (2.8′) follows by the definition of the Kontsevich-Zorich cocycle GKZt . In
fact, over the Teichmu¨ller space, the cocycle acts as the identity on cohomology
classes.
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Let c ∈ H1(Mq,R) and ct := GKZt (c). Let ct = [ℜ(m+t q1/2t )], m+t ∈ M+t .
By Lemma 2.1, m+t is a solution of (2.8) or, equivalently, of (2.12).
Lemma 2.1′. The evolution of the Hodge norm under the Konsevich-
Zorich cocycle is described by the following formulas:
(2.14)
d
dt
|m+t |20 = −2ℜBq(m+t ) := −2ℜ
∫
M
(m+t )
2ωq ,
d2
dt2
|m+t |20 = 4{|π−t (m+t )|20 −ℜ
∫
M
(∂+t vt)(∂
−
t vt)ωq} .
Proof. By (2.5) and the invariance of the L2q inner product under the
Teichmu¨ller flow, ||ct|| = |m+t |0. A computation, based on (2.12), shows that
(2.15)
d
dt
|m+t |20 = 2ℜ(m+t ,
d
dt
m+t )q = −ℜ(m+t , π−t (m+t ))q
= −2ℜ(m+t ,m+t )q = −2ℜ
∫
M
(m+t )
2ωq ,
d
dt
Bq(m
+
t ) = 2
∫
M
m+t
d
dt
m+t ωq
= 2
∫
M
(
∂+t vt + π
−
t (m
+
t )
)(
∂−t vt − π−t (m+t )
)
ωq(2.15
′)
= −2|π−t (m+t )|20 + 2
∫
M
(∂+t vt)(∂
−
t vt)ωq .
Calculations of first and second variation formulas for various functionals
on the Teichmu¨ller space are widespread in Teichmu¨ller theory (see for instance
[64], [72], [60], [61]). In particular, M.Taniguchi [60] proved variational formu-
las for the extremal length of the homology class of a given curve (equivalently,
for the Hodge norm of the dual cohomology class), with respect to fairly general
quasi-conformal deformations. In the special case of Teichmu¨ller deformations,
not explicitly considered in [60], [61], Taniguchi’s variational formulas agree, by
Lemma 2.1 in the case of the second variation, with (2.14) (and (3.12) below).
We thank the referee and M.Wolf for bringing the above mentioned references
to our attention.
Lemma 2.1′ immediately implies Veech’s result, recalled in Remark 1.2. In
fact, we will obtain an upper bound for the second Lyapunov exponent of the
Kontsevich-Zorich cocycle in terms of the function Λ+ :M(1)κ /SO(2,R) → R,
defined as follows:
(2.16) Λ+(q) := max
{ |Bq(m+)|
|m+|20
∣∣∣ m+ ∈ M+q \ {0} , ∫
M
m+ ωq = 0
}
.
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Corollary 2.2. Let µ be any Gt-ergodic probability measure on M(1)κ .
The second Lyapunov exponent of the Kontsevich-Zorich cocycle with respect
to the measure µ satisfies the following inequality :
(2.17) λµ2 ≤
∫
M
(1)
κ
Λ+ dµ < λµ1 = 1 .
Proof. The Kontsevich-Zorich cocycle has two 1-dimensional invariant
continuous sub-bundles E±1 ⊂ H1κ(M,R) with Lyapunov exponents ±1. At
any q ∈ M(1)κ
(2.18)
E1(q) := R · [ℑ(q1/2)] ,
E−1(q) := R · [ℜ(q1/2)] .
It follows in particular that, for all Gt-ergodic probability measures µ, λ
µ
1 = 1,
λµ2g = −λµ1 = −1. Let E0 ⊂ H1κ(M,R) be the continuous invariant sub-bundle
defined as follows. At any q ∈ M(1)κ ,
(2.18′) E0(q) := {c ∈ H1(Mq,R) | c ∧ [ℜ(q1/2)] = c ∧ [ℑ(q1/2)] = 0} .
A cohomology class c = [ℜ(m+q1/2)] ∈ E0(q) if and only if
∫
M m
+ωq = 0.
There is an invariant continuous splitting H1κ(M,R) = E1 ⊕ E−1 ⊕ E0. In
addition, the bundle E0 is invariant under the action of the circle group
SO(2,R) on M(1)κ . Let c ∈ E0(q). Let qt := Gt(q) and ct := GKZt (c). Then
ct = [ℜ(m+t qt)1/2], where m+t ∈ M+t has zero average. Hence, by Lemma 2.1′,
(2.19)
d
dt
log |m+t |0 = −
ℜBq(m+t )
|m+t |20
≤ Λ+(qt) .
By taking time averages, it follows that
(2.19′)
1
T log
|m+T |0
|m+|0 ≤
1
T
∫ T
0
Λ+(qt) dt .
By Oseledec’s theorem [49], [32, Th. S.2.9], and Birkhoff’s ergodic theorem
(for the ergodic measure µ), by taking the limit in (2.19′) as T → +∞, we
obtain the first of the two inequalities in (2.17). In order to prove the remain-
ing inequality we will show that Λ+(q) < 1 for all q ∈ M(1)κ . By Schwartz
inequality, we have:
(2.20) |Bq(m+)| = |(m+,m+)q| ≤ |m+|20 ,
where equality holds if and only if there exists λ ∈ C (|λ| = 1) such that
m+ = λm+. However, in that case m+ would be meromorphic and anti-
meromorphic, hence constant, and, having zero average, m+ = 0. It follows
that, if m+ 6= 0, the inequality in (2.20) is strict, hence, by compactness of the
unit sphere in M+q ⊂ L2q(M), Λ+(q) < 1.
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3. A lower bound for the second Lyapunov exponent
The Teichmu¨ller space Q
(1)
g is foliated by the orbits of the action of
SL(2,R) ⊂ GL+(2,R) described in Section 1. The leaves are 3-dimensional and
are isometric to the unit cotangent bundle S∗(D) ≡ SL(2,R) of the Poincare´
disk D := D(0, 1) (endowed with the hyperbolic metric |dz|/(1 − |z|2) of con-
stant curvature −4). The circle group SO(2,R) is a subgroup of SL(2,R)
and acts therefore on Q
(1)
g . The quotient Q
(1)
g /SO(2,R) is then foliated by 2-
dimensional leaves isometric to the Poincare´ disk. In fact, given any q ∈ Q(1)g ,
there exists an isometric embedding jq : D → Q(1)g /SO(2,R) such that jq(0) =
[q] ∈ Q(1)g /SO(2,R). Let qθ := eıθq be the rotation of the quadratic differential
q by an angle θ ∈ [0, 2π] and, if z = reıθ, let
(3.1) qz := Gt(qθ) , t :=
1
2
log
1 + r
1− r .
The embedding jq is given by
(3.1′) jq(z) := [qz] ∈ Q(1)g /SO(2,R) , z ∈ D .
Let πg : Q
(1)
g → Tg be the canonical projection onto the Teichmu¨ller space Tg
of (marked) Riemann surfaces, defined by πg(q) = Mq, the Riemann surface
carrying the holomorphic quadratic differential q ∈ Q(1)g . The composed map
πg ◦jq is an isometric embedding and its image is called a Teichmu¨ller disk [46,
§2.6.5]. Since the action of GL+(2,R) commutes with the action of the mapping
class group Γg, the foliation of the space Q
(1)
g /SO(2,R) by Teichmu¨ller disks
projects to a foliation Tg ofM(1)g /SO(2,R). Any leaf T of Tg is a complex curve
endowed with a hyperbolic metric of constant curvature −4. It is in fact the
quotient of the Poincare´ disk by a discrete group of isometries. The generic leaf
is isometric to the Poincare´ disk [38, §7]. The foliated unit cotangent bundle
S∗(Tg) gives a foliation of the moduli space M(1)g , which can be naturally
identified with the orbit foliation of the action of SL(2,R). The Teichmu¨ller
geodesic flow preserves the foliation S∗(Tg) (since the latter is the orbit foliation
of the full group SL(2,R)) and its restriction to each leaf S∗(T ) coincides with
the geodesic flow of the Poincare´ metric on T . The foliations Tg and S∗(Tg)
preserve each stratum M(1)κ /SO(2,R) and M(1)κ respectively.
In [38] M. Kontsevich and A. Zorich outlined the proof of a formula
for the sum λ1 + ... + λg of the non-negative Lyapunov exponents of the
Kontsevich-Zorich cocycle, based on the computation on a Teichmu¨ller disk
of the (Poincare´) Laplacian of the logarithm of the volume on a generic La-
grangian subspace of the fiber H1(M,R). A new version of their formula will
be proved in Section 5. Following [38], the basic tool in proving bounds for the
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Lyapunov exponents of the Kontsevich-Zorich cocycle is given by the elemen-
tary lemma below, which does not rely on Sullivan’s results on the Brownian
motion (on the Poincare´ disk) [59] exploited in [38]. We remark that a simi-
lar idea of using sub-harmonic functions to prove lower bounds for Lyapunov
exponents was introduced, in a different context, by M. Herman [26].
Lemma 3.1. Let △h be the (hyperbolic) Laplacian on the Poincare´ disk
D and let L : D → R be a smooth solution of the Poisson equation △hL = Λ,
where Λ is a smooth bounded function on D. Then
(3.2)
1
2π
∂
∂t
∫ 2π
0
L(t, θ) dθ =
1
2
tanh(t)
1
|Dt|
∫
Dt
ΛωP ,
where (t, θ) are geodesic polar coordinates on the Poincare´ disk, |Dt| denotes
the Poincare´ area of the disk Dt of geodesic radius t > 0, centered at the origin,
and ωP is the Poincare´ area form.
Proof. In geodesics polar coordinates centered at the origin, the Poincare´
Laplacian can be written as follows [24, Intr. §4.2]:
(3.3) △h = ∂
2
∂t2
+ 2coth(2t)
∂
∂t
+
4
sinh2(2t)
∂2
∂θ2
.
Let Lr, Λr be the circular averages of the functions L, Λ respectively:
(3.4) Lr(t) :=
1
2π
∫ 2π
0
L(t, θ) dθ , Λr(t) :=
1
2π
∫ 2π
0
Λ(t, θ) dθ .
By averaging the equation △hL = Λ, we obtain the following O.D.E.:
(3.4′)
∂2
∂t2
Lr + 2coth(2t)
∂
∂t
Lr = Λr .
The equation (3.4′) can be explicitly solved by setting Mr := ∂Lr/∂t. Since
Mr(0) = 0 the solution has the following expression:
(3.5) Mr(t) =
1
sinh(2t)
∫ t
0
Λr(s) sinh(2s)ds .
We recall the following elementary formulas from hyperbolic geometry:
(3.6) ωP =
1
2
sinh(2t)dt dθ , |Dt| = π cosh(2t)− 1
2
.
Hence, by (3.5) and (3.6),
(3.7)
∂
∂t
Lr =
cosh(2t)− 1
2 sinh(2t)
1
|Dt|
∫
Dt
ΛωP =
1
2
tanh(t)
1
|Dt|
∫
Dt
ΛωP .
Let q ∈ Q(1)κ , Mz be the Riemann surface carrying the quadratic differ-
ential qz, given by (3.1), and let M±z be the spaces of meromorphic, respec-
tively anti-meromorphic, functions on Mz which belong to L
2
q(M). We remark
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that the L2 structure induced by qz is independent of z ∈ D, since the area
form of a quadratic differential is invariant under the action of SL(2,R). Let
π±z : L
2
q(M) → M±z denote the orthogonal projections. Let c ∈ H1(Mq,R).
There exists a uniquely determined meromorphic function m+z ∈ M+z such
that c = [ℜ(m+z q1/2z )]. The function z → m+z ∈ L2q(M) is holomorphic on D,
but it depends on the choice of the base point q ∈ Q(1)κ . The norm |m+z |0 is
invariant under the action of the circle group on Q
(1)
κ , hence it gives a well
defined real analytic function on the Teichmu¨ller disk jq(D) ⊂ Q(1)g /SO(2,R),
independent of the choice of the base point.
Lemma 3.2. The following formula holds:
(3.8) △h log |m+z |0 = 4
|π−z (m+z )|20
|m+z |20
− 2 |Bq(m
+
z )|2
|m+z |40
≥ 2 |π
−
z (m
+
z )|20
|m+z |20
.
Proof. If [q′] ∈ jq(D), then jq′(D) = jq(D). Hence it suffices to prove
the formula at the origin z = 0. Let c = [ℜ(m+q1/2)] ∈ H1(M,R), where
m+ ∈ M+q . Let qθ := eıθq and q(t,θ) := Gt(qθ). Let Xθ be the normalized
directional derivative at z = 0 defined, for any smooth function φ : D → R, by
(3.9) Xθφ :=
d
dr
φ(reıθ) |r=0 .
By Lemma 2.1′ we have:
(3.10)
Xθ|m+z |20 = −2ℜ
[
e−ıθBq(m
+)
]
= −2ℜ
[
e−ıθ
∫
M
(m+)2ωq
]
,
X2θ |m+z |20 = 4
{
|π−q (m+)|20 −ℜ
[
e−2ıθ
∫
M
(∂+q v)(∂
−
q v)ωq
]}
.
In fact, let M±θ ⊂ L2q(M) be the kernels of the Cauchy-Riemann operators
∂±θ determined by the quadratic differential qθ. Let π
±
θ : L
2
q(M) → M±θ
be the orthogonal projections. Any cohomology class c ∈ H1(M,R) can be
represented as c = [ℜ(m+θ q1/2θ )], where m+θ ∈M+θ . We have:
(3.11)
∂±θ = e
±ı θ
2 ∂±q ,
π±θ = π
±
q ,
m+θ = e
−ı θ
2m+ ,
hence, in particular, M±θ =M±q and, if m+ = ∂+q v + π−q (m+),
(3.11′)
m+θ = ∂
+
θ vθ + π
−
θ (m
+
θ ) ,
vθ = e
−ıθv .
The formulas (3.10) follow therefore from the formulas (2.14), taken at t = 0,
for the quadratic differential qθ.
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The hyperbolic gradient and the hyperbolic Laplacian can be written in
terms of the directional derivatives Xθ. Hence, by (3.10), at z = 0,
(3.12)
∇h|m+z |20 = (X0|m+z |20,Xπ2 |m
+
z |20) = −2
(ℜBq(m+),ℑBq(m+)) ,
△h|m+z |20 =
1
π
∫ 2π
0
X2θ |m+z |20 dθ = 8|π−q (m+)|20 .
Since, given any positive smooth function φ on D,
(3.13) △h log φ = 1
2
{△h(φ2)
φ2
− |∇hφ
2|2
φ4
}
,
the identity in (3.8) at z = 0 follows from (3.12) by taking φ(z) := |m+z |0 in
(3.13). In addition, |Bq(m+z )| ≤ |π−z (m+z )|0|m+z |0, since
(3.14) |Bq(m+z )| = |(m+z ,m+z )q| = |(π−z (m+z ),m+z )q| ≤ |π−z (m+z )|0|m+z |0 .
The inequality in (3.8) follows from (3.14) and the proof is therefore complete.
The second Lyapunov exponent of the Kontsevich-Zorich cocycle, with
respect to any SL(2,R)-invariant ergodic measure, can be bounded from below
in terms of the non-negative function Λ− : M(1)κ /SO(2,R) → R, defined as
follows:
(3.15) Λ−(q) := min
{
|π−q (m+)|20
|m+|20
∣∣ m+ ∈ M+q \ {0}
}
.
Theorem 3.3. Let µ be any Gt-ergodic probability measure onM(1)κ such
that for µ-almost all orbits of the circle group the Haar (Lebesgue) measure is
absolutely continuous with respect to the conditional measure induced by µ. The
second Lyapunov exponent λµ2 of the Kontsevich-Zorich cocycle, with respect to
the measure µ, satisfies the following lower bound :
(3.16) λµ2 ≥
∫
M
(1)
κ
Λ− dµ .
Proof. Since the Lebesgue measures on the orbits of the circle action are
absolutely continuous with respect to the conditional measures induced by µ,
by Fubini’s theorem, Birkhoff’s ergodic theorem and Oseledec’s theorem, for
µ-almost all q ∈ M(1)κ , qθ is a Birkhoff generic point and a regular point (in the
sense of Oseledec’s theorem) for almost all θ ∈ [0, 2π]. The Lyapunov exponent
λµ2 is the top Lyapunov exponent of the restriction of the Kontsevich-Zorich
cocycle to the invariant sub-bundle E0, introduced in the proof of Corollary
2.2. We recall that E0 is invariant under the action of the circle group SO(2,R)
and a cohomology class c = [ℜ(m+q1/2)] ∈ E0(q) if and only if
∫
M m
+ωq = 0.
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Let c ∈ E0(q). Let qz be given by (3.1) and m+z ∈ M+z be a (zero average)
meromorphic function in L2q(M) such that c = [ℜ(m+z q1/2z )]. Let GKZz (c) be the
cohomology class c at the point qz ∈ Q(1)κ (the parallel transport of cohomology
classes is trivial over the Teichmu¨ller space Q
(1)
κ ) and let L : D → R be the
smooth function L(z) := log ||GKZz (c)|| = log |m+z |0. Let z ≡ (t, θ) with respect
to geodesic polar coordinates, that is z = reıθ, r = tanh(t). By Lemmas 3.1,
3.2 and definition (3.15), we have:
(3.17)
1
2π
∂
∂t
∫ 2π
0
log ||GKZ(t,θ)(c)|| dθ ≥ tanh(t)
1
|Dt|
∫
Dt
Λ−
(
Gs(qθ)
)
ωP (s, θ) .
Let σq be the normalized canonical (Haar) measure on the unit sphere E
(1)
0 (q)
of the Euclidean space E0(q) ⊂ H1(Mq,R), endowed with the Hodge inner
product induced by the metric Rq. The measure σq is invariant under the
action of the circle group SO(2,R) on the spaceQg. By averaging the inequality
in (3.17) over c ∈ E(1)0 (q) with respect to σq, then over the moduli spaceM(1)κ
with respect to the Gt-invariant measure µ, we obtain:
(3.17′)
1
2π
∂
∂t
∫
M
(1)
κ
∫
E
(1)
0 (q)
∫ 2π
0
log ||GKZ(t,θ)(c)|| dθdσqdµ
≥ tanh(t)
∫
M
(1)
κ
Λ− dµ .
Finally, by taking the time average of (3.17′) over the interval [0,T ], we have
(3.18)
1
2πT
∫
M
(1)
κ
∫
E
(1)
0 (q)
∫ 2π
0
log ||GKZ(T ,θ)(c)|| dθdσqdµ
≥ log cosh TT
∫
M
(1)
κ
Λ− dµ .
Hence, by passing to the limit as T → +∞ in (3.18), we obtain (3.16). In fact,
since c ∈ E0, by Oseledec’s theorem,
(3.18′) lim
T →+∞
1
2πT
∫
M
(1)
κ
∫
E
(1)
0 (q)
∫ 2π
0
log ||GKZ(T ,θ)(c)|| dθdσqdµ ≤ λµ2 .
Proving that λµ2 > 0 requires a deeper analysis, carried out in the next
section, of the projection operator π−q :M+q →M−q , which enters crucially in
the lower bound given by Theorem 3.3, as the quadratic differential varies over
the moduli space.
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4. The determinant locus
Let M be a marked Riemann surface of genus g ≥ 2 and let {a1, . . . , ag,
b1, . . . , bg} be a canonical homology basis [13, III.1] giving the marking. Let
{θ1, . . . , θg} be the dual basis of holomorphic differentials on M , that is the
basis characterized by the property that θj(ak) = δjk. The g×g complex matrix
Πij := θi(bj) is called the period matrix of the marked Riemann surface M .
The period matrix defines a holomorphic map Π : Tg → Σg on the Teichmu¨ller
space Tg with values in the Siegel space Σg of symmetric complex matrices
with positive definite imaginary part. Let q ∈ Qg be a holomorphic quadratic
differential on M . Let µq := |q|/q be the canonical Beltrami differential on M
associated to q, which represents the deformation of the complex structure of
the Riemann surface Mq in the direction determined by the Teichmu¨ller flow
at (Mq, q). The equation
(4.1) det
( dΠ
dµq
) = 0
defines a real analytic hypersurface Dg, of real codimension equal to 2, of
the Teichmu¨ller space Qg. In addition, Dg, is invariant under the action of
the mapping class group Γg. The quotient Dg := Dg/Γg is therefore a real
analytic hypersurface of codimension 2 of the moduli spaceMg, which will be
called the determinant locus. We remark that, since (4.1) is invariant under the
multiplicative (holomorphic) action of the group C∗ := C\{0} on the space Qg,
the quotients Dg/C
∗, Dg/C∗ are real analytic hypersurfaces of Q(1)g /SO(2,R),
M(1)g /SO(2,R) respectively. Let Dκ := Dg ∩ Qκ, D(1)κ := Dg ∩ Q(1)κ , Dκ :=
Dκ/Γg and D(1)κ := D(1)κ /Γg.
The answer to the question whether the lower bound established in Theo-
rem 3.3 is strictly positive depends on the geometry of the determinant locus.
In fact, the answer will be affirmative if the support of the probability measure
µ, ergodic with respect to the Teichmu¨ller flow on M(1)κ , is not contained in
D(1)κ . Let q ∈ M(1)κ and π−q : L2q(M)→M−q be the orthogonal projection onto
the subspace of anti-meromorphic functions. Let
(4.2) 1 ≡ Λ1(q) ≥ Λ2(q) ≥ · · · ≥ Λg(q) ≥ 0
be the eigenvalues of the non-negative hermitian form Hq : M+q ×M+q → R
defined by
(4.2′) Hq(m
+
1 ,m
+
2 ) :=
(
π−q (m
+
1 ), π
−
q (m
+
2 )
)
q
.
The functions Λ1, . . . ,Λg are continuous on M(1)κ and invariant under the
action of SO(2,R).
Lemma 4.1. The zero set {Λg = 0} = D(1)κ .
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Proof. Let {m+1 , . . . ,m+g } be an orthonormal basis of M+q . The
(symmetric) matrix B of the projection operator π−q , with respect to the basis
{m+1 , . . . ,m+g } ⊂ M+q and {m+1, . . . ,m+g} ⊂ M−q , and the matrix H of the
hermitian form Hq, with respect to the basis {m+1 , . . . ,m+g }, are given by the
following formulas:
(4.3) Bij = Bq(m
+
i ,m
+
j ) = (m
+
i ,m
+
j)q , H = B
∗B = BB .
Let {a1, . . . , ag, b1, . . . , bg} be a canonical homology basis and {θ1, . . . , θg} be
the dual basis of holomorphic differentials. The quotients φ+i := θi/q
1/2 are
meromorphic functions on M with poles at Σq, which belong to the space
L2q(M). The system {φ+1 , . . . , φ+g } is a basis of the space M+q . By Rauch’s
formula [28, Prop. A.3]:
(4.4)
dΠij
dµq
=
∫
M
θiθj µq =
∫
M
φ+i φ
+
j ωq = Bq(φ
+
i , φ
+
j ) .
Since {φ+1 , . . . , φ+g } is a basis ofM+q , there exists a non-singular g×g complex
matrix C = (cij) such that
(4.5) φ+i =
g∑
j=1
cijm
+
j , CC
∗ = ℑ(Π) .
In fact, by [13, III.2.3],
(4.5′) (φ+i , φ
+
j )q =
ı
2
∫
M
θi∧ θj = ı
2
g∑
k=1
θi(ak)θj(bk)− θi(bk)θj(ak) = ℑ(Πij) .
By (4.4) and (4.5),
(4.6)
|det( dΠ
dµq
)| = |det(CBCt)| = |detC|2 |detB|
= det(ℑ(Π)) (detH)1/2 = det(ℑ(Π)) (Λ1 · · ·Λg)1/2 .
Since ℑ(Π) is positive definite, Λg(q) = 0 if and only if q ∈ D(1)κ .
The basic idea in order to prove that the lowest eigenvalue Λg in (4.2) does
not vanish identically is to study the determinant locus near the boundary
of the moduli space. We briefly recall the methods introduced by Fay [15,
III] and Masur [42] to analyze the behaviour of holomorphic and quadratic
differentials near the boundary of the moduli space. We warn the reader that,
in the author’s opinion, all of the variational formulas contained in [15, III]
are to some extent incorrect, as pointed out by A.Yamada in [71], where the
correct formulas are proved in great detail (compare, for instance, the formulas
(47), (53) in [15] with, respectively, (36), (36)′ and (56) in [71]. However, our
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argument does not require precise variational formulas (only the dominant term
in the appropriate expansions), hence it does not depend on which version,
Fay’s or Yamada’s, is considered to be the correct one.
The moduli space Rg = Tg/Γg can be compactified by adding Riemann
surfaces with nodes as a boundary. This compactification is explained in detail
in [5] or [42]. A Riemann surface with nodes M0 can be obtained by pinching
a compact Riemann surface M along disjoint curves γ1, . . . , γs with 1 ≤ s ≤
3g−3. A connected component of the complement of the set of nodes is called a
part ofM0; it is a finite non-singular Riemann surface with punctures. It is pos-
sible to assume that no part of M0 is a sphere with just one or two punctures.
The pinching of each γi produces two paired punctures onM0, denoted by p
(1)
i ,
p
(2)
i . Let z
(1)
i and z
(2)
i be holomorphic coordinates parametrizing disjoint punc-
tured disks U
(1)
i = {0 < |z(1)i | < 1} and U (2)i = {0 < |z(2)i | < 1} in a neighbour-
hood of p
(1)
i and p
(2)
i respectively. There are local coordinates (τs+1, . . . , τ3g−3)
in a neighbourhood of 0 ∈ C3g−3−s, parametrizing a neighbourhood of M0 in
its moduli space, such that, for each Mτ near M0, the functions z
(1)
i , z
(2)
i are
still holomorphic coordinates in a neighbourhood of the punctures. For each
(t1, . . . , ts) ∈ Cs in a neighbourhood of zero, consider the Riemann surface
M(t,τ) obtained by deleting all the neighbourhoods {0 < |z(1)i | ≤ |ti|} and
{0 < |z(2)i | ≤ |ti|} from Mτ and gluing z(1)i to ti/z(2)i . If all ti 6= 0, the surface
M(t,τ) is a compact Riemann surface of genus g. The parameters (t, τ) parame-
trize all Riemann surfaces in the compactified moduli space in a neighbourhood
of M0. Let Ati := {|ti| < |z(1)i | < 1} = {|ti| < |z(2)i | < 1} ⊂ M(t,τ) and let γti
be the curve defined by |z(1)i | = |z(2)i | = |ti|1/2. If K is a compact subset of the
complement of the set of the nodes in M0, then for sufficiently small (t, τ) it
is possible to regard K as a compact subset of M(t,τ) via the quasi-conformal
map φτ :M0 →Mτ and the natural inclusion of M(t,τ) \ ∪{γti} in Mτ .
There is a complex manifold X of dimension 3g−2 and a proper holomor-
phic map π : X → Cs × C3g−3−s such that the fiber over (t, τ) is M(t,τ). Such
a construction is explained by [15, III] or [42], we recall it here for the conve-
nience of the reader. Let W˜ := ∪Mτ and Y˜ := W˜ \∪φτ (U (1)i ∪U (2)i ), where the
union is taken over i = 1, . . . , s, τ ∈ U and U ⊂ C3g−3−s is a neighbourhood
of the origin. Let
(4.7) W := Y˜ ×Ds ∪
⋃
{(p, t) ∈ φτ (U (k)i )×Ds | |z(k)i (p)| > |ti| } ,
where D ⊂ C denotes the open unit disk. Let then Vi ⊂ C3 be the non-singular
surface given by the equation XiYi = ti and let
(4.7′) X :=W ∪ (V1 ×Ds−1 × U) ∪ · · · ∪ (Vs ×Ds−1 × U) ,
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where in the overlap (p, t) is identified with
(4.8)
(z
(1)
i (p), ti/z
(1)
i (p), ti, t1, . . . , ti−1, ti+1, . . . , ts)
or (ti/z
(2)
i (p), z
(2)
i (p), ti, t1, . . . , ti−1, ti+1, . . . , ts) ,
according to whether (p, t) ∈W ∩φτ (U (1)i )×Ds or (p, t) ∈W ∩φτ (U (2)i )×Ds.
It can be proved that X is a complex manifold. Local coordinates at a point
(φτ (p), t) ∈ W are given by (φτ (z), t, τ), where z is a holomorphic coordinate
for M0 in a neighbourhood of p. The natural projection π : X → Ds × U has
fiber M(t,τ). It is a standard procedure to introduce the coordinates
(4.9) xi :=
z
(1)
i + z
(2)
i
2
, yi :=
z
(1)
i − z(2)i
2
on Vi. Then yi = (x
2
i − ti)1/2 represents Ati ∩Vi as a branched double covering
of a neighbourhood of xi = 0 with branch points at xi = ±t1/2i . At ti = 0
the fiber crosses itself at the node corresponding to the pinching of the curve
γi, given by the equations xi = yi = ti = 0, and the normalization of A0 is
U
(1)
i ∪ U (2)i . The xi are called the pinching coordinates for the corresponding
nodes. Holomorphic (abelian) differentials on M(t,τ) are customarily written
in terms of these coordinates. A regular d-differential on a finite Riemann
surface M with punctures is by definition a meromorphic form of type (d, 0)
on each part ofM , holomorphic in the complement of the punctures, with poles
of order at most d at the punctures and equal (opposite) residues at paired
punctures if d is even (odd). The residue of a regular d-differential q at a point
p ∈ M , denoted by Resq(p), is the residue at z = 0 (in the standard sense) of
the abelian differential zd−1q(z)dz, where z is a holomorphic coordinate such
that z(p) = 0 and q = q(z)dz2 [42, §4]. Only the cases d = 1 and d = 2
of abelian and quadratic differentials are relevant in this paper. Any regular
1-differential u(t, τ) on M(t,τ), holomorphic on Ati and as a function on the
total space X, can be written in terms of the pinching coordinate xi as follows
[15, III], [42, 4.1]:
(4.10) u(t, τ) = [a(t, τ, xi) + b(t, τ, xi)/(x
2
i − ti)1/2] dxi ,
where a, b are holomorphic functions. A direct computations shows that, under
the change of variables given by (4.9), we have, with respect to the coordinate
z(k) on Ati , k = 1, 2:
(4.10′) u(t, τ) = [f (k)(t, τ, z(1) + z(2)) +
g(k)(t, τ, z(1) + z(2))
z(k)
] dz(k) ,
where f (k), g(k) are holomorphic functions.
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There is a normalized basis {θ1(t, τ), . . . , θg(t, τ)} of regular 1-differentials
on M(t,τ), holomorphic on X [15, III], [42, Prop. 4.1], [71, Corollaries 1,4,5],
with respect to a canonical homology basis
{a1(t, τ), . . . , ag(t, τ), b1(t, τ), . . . , bg(t, τ)}.
Let Π(t,τ) be the corresponding period matrix, which is well-defined (finite) if
all ti 6= 0. Variational formulas for the period matrix as ti → 0 were obtained
in [15, III] and (corrected) in [71]. Let q(t, τ) ∈ Qg be a holomorphic quadratic
differential on M(t,τ), holomorphic as a function on X, which converges in the
projective bundle Qg/R
∗ as ti → 0, i ∈ J ⊂ {1, . . . , s}, to a regular quadratic
differential having poles of order two at all the punctures and different from
zero on every part of the corresponding pinched Riemann surface. Let µ(t,τ) :=
|q(t, τ)|/q(t, τ) be the related family of Beltrami differentials. We prove a result
concerning the limit behaviour of the derivative of the period matrix Π(t,τ) in
the direction of the Beltrami differential µ(t,τ) at the boundary of the moduli
space. LetMτ (t) be the image of the natural inclusion of M(t,τ) \∪{γti} inMτ .
The surface Mτ (t) is an open subset of Mτ which can be described as follows:
(4.11) Mτ (t) =Mτ \
s⋃
i=1
({|z(1)i | ≤ |ti|1/2} ∪ {|z(2)i | ≤ |ti|1/2}) .
Lemma 4.2. As ti → 0, for all i ∈ J ⊂ {1, . . . , s},
(4.12)
dΠij(t,τ)
dµ(t,τ)
−
∫
Mτ (t)
θi(t
′, τ)θj(t
′, τ)µ(t′,τ) → 0 ,
where t′i = 0 if i ∈ J , t′i = ti 6= 0 if i 6∈ J .
Proof. By Rauch’s formula (4.4), the derivative of the period matrix can
be written as an integral over Mτ (t), identified to the complement of the finite
set of curves γti inM(t,τ). In addition, since the integrand is uniformly bounded
and converges on compact sets contained in the complement of the punctures
by the variational formulas of [15, III] or [71], it suffices to prove convergence
on each annulus
(4.13) R
(k)
ti
:= {|ti|1/2 < |z(k)i | < 1} ⊂ Ati ,
for all i ∈ J , k = 1, 2.
Let Rt := {|t|1/2 < |z| < 1} one of the annuli in (4.13). We should
estimate, as t→ 0 in C, an expression of the form
(4.14)
∫
Rt
(
θi(t, z)θj(t, z)
|qt(z)|
qt(z)
− θi(0, z)θj(0, z) |q0(z)|
q0(z)
)
dz ∧ d z ,
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where θi(t, z) are meromorphic functions with at most a simple pole at z = 0
given by (4.10′), that is
(4.15) θi(t, z) = fi(t, z + t/z) +
gi(t, z + t/z)
z
=
Fi(t, z + t/z)
z
,
with fi, gi, hence Fi, holomorphic functions, and qt(z) is a meromorphic func-
tion with a double pole at z = 0, which can be written as [42, 5.2–5.3]:
(4.15′) qt(z) =
a(t, z + t/z)
z
+
b(t, z + t/z)
z2
=
A(t, z + t/z)
z2
,
with a, b, hence A, holomorphic functions and A(0, 0) 6= 0. We split the
difference in (4.14) into the following three terms:
(4.16)
(I)
∫
Rt
(
θi(t, z)− θi(0, z)
)
θj(t, z)
|qt(z)|
qt(z)
dz ∧ d z ,
(II)
∫
Rt
(
θj(t, z) − θj(0, z)
)
θi(0, z)
|qt(z)|
qt(z)
dz ∧ d z ,
(III)
∫
Rt
θi(0, z)θj(0, z)
( |qt(z)|
qt(z)
− |q0(z)|
q0(z)
)
dz ∧ d z .
By (4.15), it follows that, since t/z → 0 if z ∈ Rt as t→ 0, there is a constant
C0 > 0 such that
(4.17) |θi(t, z) − θi(0, z)| ≤ C0 |t||z|2 , |θi(t, z)| ≤ C0
1
|z| .
By Ho¨lder inequality and (4.17), we obtain:
(4.18)
|(I)| ≤ ||θi(t, z)− θi(0, z)||L2(Rt) ||θj(t, z)||L2(Rt) ≤ C1(−|t| log |t|)1/2 ,
|(II)| ≤ ||θj(t, z)− θj(0, z)||L2(Rt) ||θi(0, z)||L2(Rt) ≤ C1(−|t| log |t|)1/2 .
In order to estimate the third term in (4.16), we proceed as follows. By
(4.15′), since A(0, 0) 6= 0, there exists r > 0 such that A(t, z) 6= 0, hence
|A(t, z)|/A(t, z) is a real analytic function, in the polydisk {|t| < r,
|z| < r} ⊂ C2. There exists therefore a constant C2 > 0 such that, in the
annulus {|t|1/2 < |z| < r/2}, we have:
(4.19)
∣∣∣∣ |qt(z)|qt(z) − |q0(z)|q0(z)
∣∣∣∣ = ∣∣∣∣ |A(t, z + t/z)|A(t, z + t/z) − |A(0, z)|A(0, z)
∣∣∣∣ ≤ C2 |t||z| ≤ C2 |t|1/2 .
It follows that
(4.19′)
|(III)| ≤ − C3|t|1/2 log |t|
+
∣∣∣∣∣
∫
|z|≥r/2
θi(0, z)θj(0, z)
( |qt(z)|
qt(z)
− |q0(z)|
q0(z)
)
dz ∧ d z
∣∣∣∣∣ ,
where the integral on the right-hand side converges to zero as t→ 0 by the dom-
inated convergence theorem. By (4.18) and (4.19′) the proof is concluded.
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By Lemma 4.2 and the variational formulas for the period matrix proved
in [15, III], [71], it is possible to estimate the determinant of the derivative of
the period matrix and, by the identity (4.6), the determinant of the hermitian
form Hq close to the boundary of the moduli space, by computing them at the
boundary. Let in particular Sg be the component of the boundary consisting of
regular quadratic differentials on the Riemann sphere with 2g paired punctures,
having poles of order 2 at all punctures.
Lemma 4.2′. Let q0 ∈ Sg. Let M0 be the corresponding Riemann sphere
with the 2g paired punctures p
(1)
i , p
(2)
i , i = 1, . . . , g. Let t ∈ Cg be such that
ti 6= 0 for all i = 1, . . . , g and M0(t) ⊂ M0 be the open subset defined as in
(4.11). Let {θ1(0), . . . , θg(0)} be the basis of the space of regular 1-differentials
on M0, dual to the canonical homology basis {a1, . . . , ag, b1, . . . bg}, where ai is
represented by the (oriented) boundary of a disk centered at p
(1)
i (not containing
other punctures) and bi by a path joining p
(1)
i to p
(2)
i . Then
(4.20)
∫
M0(t)
θi(0)θj(0)
|q0|
q0
− 1
2π
|Resq0(p(1)i )|
Resq0(p
(1)
i )
δij log |ti|
is bounded as t→ 0, for all i, j ∈ {1, . . . , g}.
Proof. The normalized basis {θ1(0), . . . , θg(0)} on the punctured Riemann
sphere M0 can be explicitly written:
(4.21) θi(0) =
p
(1)
i − p(2)i
2πı
dz
(z − p(1)i )(z − p(2)i )
.
In fact, (4.21) gives the only basis of regular 1-differential {θ1, . . . , θg} satisfy-
ing θi(aj) = δij . Let R
(k)
i (t) := {|ti|1/2 < |z − p(k)i | < r}, where r > 0 has been
chosen so that all the annuli R
(k)
i (t) are disjoint and q0 has no zeroes inside
the closed disks Dr(p
(k)
i ) of radius r centered at the punctures. Let
(4.22) q0 =
A
(k)
i (z)
(z − p(k)i )2
dz2
on the disk Dr(p
(k)
i ). Since q0 is a regular quadratic differential with poles of
order 2 at all punctures, it follows that
(4.22′) A
(1)
i (p
(1)
i ) = Resq0(p
(1)
i ) = A
(2)
i (p
(2)
i ) = Resq0(p
(2)
i ) 6= 0 .
We have
(4.23)
∫
R
(k)
i
(t)
θi(0)
2 |q0|
q0
=
∫
R
(k)
i
(t)
F
(k)
i (z)
|z − p(k)i |2
dz ∧ d z ,
DEVIATION OF ERGODIC AVERAGES 33
where the function F
(k)
i is given on the disk Dr(p
(k)
i ) by the formula:
(4.23′) F
(k)
i (z) :=
(p
(1)
i − p(2)i )2
8π2ı (z − p(h)i )2
|A(k)i (z)|
A
(k)
i (z)
,
where k, h ∈ {1, 2} and k 6= h. Hence F (k)i is real analytic on the disk Dr(p(k)i )
and, by Taylor series expansion at p
(k)
i , we obtain that
(4.24)
∫
R
(k)
i
(t)
F
(k)
i (z)
|z − p(k)i |2
dz ∧ d z − F (k)i (p(k)i )
∫
R
(k)
i
(t)
dz ∧ d z
|z − p(k)i |2
is bounded as t→ 0. Similarly, if i 6= j, we obtain
(4.25)
∫
R
(k)
i
(t)
θi(0)θj(0)
|q0|
q0
=
∫
R
(k)
i
(t)
F
(k)
ij (z)(
z − p(k)i
) dz ∧ d z ,
where the function F
(k)
ij is given on the disk Dr(p
(k)
i ) by the formula:
(4.25′) F
(k)
ij (z) :=
(p
(1)
i − p(2)i )(p(1)j − p(2)j )
8π2ı (z − p(h)i )(z − p(1)j )(z − p(2)j )
|A(k)i (z)|
A
(k)
i (z)
,
where, as above, k, h ∈ {1, 2} and k 6= h. Since F (k)ij is real analytic, hence
bounded, on the disk Dr(p
(k)
i ), the integral in (4.25) is bounded as t→ 0.
Let Rij(t) := R
(1)
i (t) ∪R(2)i (t) ∪R(1)j (t) ∪R(2)j (t). The integral
(4.26)
∫
M0(t)\Rij (t)
θi(0)θj(0)
|q0|
q0
is bounded as t → 0, for all i, j ∈ {1, . . . , g}, since the integrand is uniformly
bounded on M0(t) \Rij(t). Our statement follows, by (4.23), by the bounded-
ness of the difference in (4.24) and of the integrals in (4.25), (4.26), by explicit
computation of the term on the right of (4.24) and by the formulas (4.22′) on
the residues of q0.
Definition 4.3. A measured foliation F on a compact orientable surface
M of genus g ≥ 2 is said to be periodic if all its regular leaves are closed
(compact) curves. A periodic measured foliation F will be called Lagrangian
if the subspace L(F) ⊂ H1(M,R), generated by the homology classes of the
regular leaves of F , is a Lagrangian subspace of the homology vector space
H1(M,R), endowed with the symplectic structure given by the intersection
form. A periodic measured foliation F is Lagrangian if and only if it has
g ≥ 2 distinct regular leaves γ1, . . . , γg such that M̂ := M \ ∪{γ1, . . . , γg} is
homeomorphic to a sphere minus 2g (paired) disjoint disks.
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Let L±κ be the set of holomorphic quadratic differentials q ∈ Qκ such
that the foliation F±q is Lagrangian. Let Λ(M,R) be the Grassmannian of
Lagrangian subspaces of the symplectic vector space H1(M,R). Let Λ ∈
Λ(M,R) and let
(4.27) L±κ,Λ := {q ∈ L±κ | L(F±q) ∩ Λ = {0} } .
The final key step consists of the following crucial result:
Lemma 4.4. The set L+κ,Λ ⊂ L+κ [L−κ,Λ ⊂ L−κ ] of holomorphic quadratic
differentials q ∈ Qκ such that the horizontal foliation Fq [the vertical foliation
F−q] is Lagrangian and L(Fq) ∩ Λ = {0} [L(F−q) ∩ Λ = {0}] is dense in Qκ.
Proof. Let κ := (k1, . . . , kσ), where all ki are even and
∑
ki = 4g − 4.
Let Fκ(M) be the set of all isotopy equivalence classes of orientable mea-
sured foliations F on M with canonical saddle-like singularities of multiplici-
ties (k1, . . . , kσ) at a finite set ΣF := {p1, . . . , pσ}. Let F ′κ(M) ⊂ Fκ(M) be
the subset given by the measured foliations F such that there exists q ∈ Qκ
with Fq = F (or F−q = F). The set F ′κ(M) is open in Fκ(M) and the map
Qκ → F ′κ(M) × F ′κ(M), given by q → (Fq,F−q), is open. By A.Katok’s local
classification theorem, announced in [29, Th. 3] and proved in [32, Th. 14.7.4]
or [47, Th. 7.11.7], the space Fκ(M) is locally modeled on H1(M,Σκ;R), while
the space Qκ is locally modeled on H
1(M,Σκ;C) (see §1). Let Λ ∈ Λ(M,R).
We claim that the set of Lagrangian foliations F ∈ Fκ(M) such that L(F)∩Λ
= {0} is dense in Fκ(M). The proof of the claim will conclude the argument.
Let F := {ηF = 0} ∈ Fκ(M) and let ΣF ⊂M denote its (finite) singular-
ity set. If the cohomology class [ηF ] ∈ R ·H1(M,ΣF ;Z), hence, in particular,
if [ηF ] ∈ H1(M,ΣF ;Q), then F is periodic. In fact, in that case, the set
of F-length of isotopy classes of simple closed curves is discrete. Hence, all
the regular leaves are closed by the Poincare´ recurrence theorem. It follows
that the periodic measured foliations are dense in Fκ(M). If F is periodic,
the surface can be decomposed, by cutting along the singular leaves, into a
finite union of cylindrical components whose number is at most 3g − 3. Let
d := dimL(F) ∈ {1, . . . , g}, where L(F) ⊂ H1(M,Z) is given by Definition 4.3.
If d = g, then F is a Lagrangian measured foliation.
Let P : H1(M,R) → H1(M,R) be the (symplectic) map given by the
Poincare´ duality. We claim that, if F is periodic, then P−1[ηF ] ∈ L(F).
More precisely, if {a1, . . . , as} are the oriented waist curves of the cylinders
{A1, . . . , As} of F , which are respectively of heights {h1, . . . , hs}, then
(4.28) P−1[ηF ] =
s∑
i=1
hi [ai] ∈ H1(M,R) .
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In fact, if γ ⊂M is any simple oriented closed curve, then γ∩Ai is homologous
to ([ai]∩[γ])·vi relative to ∂Ai, where vi is a positively oriented vertical segment
joining the ends of Ai. Hence (4.28) follows.
Let Λ ∈ Λ(M,R) and let {a1, . . . , ak} be a maximal system of regular
leaves of F such that the system of homology classes {[a1], . . . , [ak]} is lin-
early independent in H1(M,R) and the isotropic subspace I(a1, . . . , ak) ⊂
H1(M,R), generated by {[a1], . . . , [ak]}, is transverse to Λ. If k = g, then
F is Lagrangian and L(F) ∩ Λ = {0}. If k < g, then there exists a prim-
itive homology class h ∈ H1(M,Z) such that h ∩ [a1] = · · · = h ∩ [ak] = 0
and h 6∈ I(a1, . . . , ak) ⊕ Λ. In fact, since Λ is Lagrangian, the dimension
of the subspace {h ∈ I(a1, . . . , ak) ⊕ Λ |h ∩ [a1] = · · · = h ∩ [ak] = 0}
is equal to g. On the other hand, the dimension over Q of the subspace
{h ∈ H1(M,Q) |h ∩ [a1] = · · · = h ∩ [ak] = 0} is equal to 2g − k. Since
2g − k > g, there exists ĥ ∈ H1(M,Q) such that ĥ 6∈ I(a1, . . . , ak) ⊕ Λ and
ĥ ∩ [a1] = · · · = ĥ ∩ [ak] = 0. Let then h ∈ H1(M,Z) be the unique integer
multiple of ĥ which is a primitive integer class.
Let z =
∑
i niγi be an integer cycle on M , supported on a finite union of
disjoint smooth simple closed curves {γ1, . . . , γs} such that [z] = h, supp(z) ∩
a1 = · · · = supp(z) ∩ ak = ∅ and supp(z) ∩ ΣF = ∅. Let V(γi) ⊂⊂ U(γi) be
open tubular neighbourhoods of γi in M such that, for all i 6= j ∈ {1, . . . , s},
(4.29)
U(γi) ∩ U(γj) = ∅ ,
U(γi) ∩ (a1 ∪ · · · ∪ ak) = ∅ ,
U(γi) ⊂M \ΣF .
Let U±(γi) be the two connected components of the open set U(γi) \γi and let
V±(γi) := V(γi) ∩ U±(γi). Let φi : M → R be a function, smooth on M \ γi,
with the following properties:
(4.29′)
φi(p) = 0 , p ∈ U−(γi) ∪M \ U+(γi) ,
φi(p) = 1 , p ∈ V+(γi) .
Let r ∈ Q \ {0}. The smooth 1-form ηr := ηF + r
∑
i nidφi is closed and
ηr → ηF , as r → 0, in the space of smooth 1-forms on M . Since dφi = 0 on
M \ U(γi), ηr ≡ ηF in a neighbourhood of ΣF , hence, if r 6= 0 is sufficiently
small, ηr(p) = 0 if and only if p ∈ ΣF , and the foliation Fr := {ηr = 0} ∈
Fκ(M). Since r ∈ Q, the fundamental class [ηr] ∈ H1(M,ΣF ;Q), hence Fr is
periodic. The simple closed curves a1, . . . , ak are regular leaves of Fr. In fact,
dφi = 0 on M \ U(γi) and ∪{a1, . . . , ak} ⊂ M \ ∪U(γi), hence ηr ≡ ηF in a
neighbourhood of ∪{a1, . . . , ak}. Let Ir ⊂ H1(M,R) be the maximal isotropic
subspace, generated by the regular leaves of Fr, such that I(a1, . . . , ak) ⊂ Ir
and Ir∩Λ = {0}. We claim that Ir 6= I(a1, . . . , ak). If the latter claim is false,
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L(Fr) ⊂ I(a1, . . . , ak)⊕Λ, hence, by (4.28), P−1[ηr] ∈ I(a1, . . . , ak)⊕Λ, but,
by (4.29′) and the definition of ηr, P
−1[ηr] = P
−1[ηF ]+rh 6∈ I(a1, . . . , ak)⊕Λ.
In fact, by (4.28) and the definition of the system {a1, . . . , ak}, P−1[ηF ] ∈
I(a1, . . . , ak)⊕ Λ and, by construction, h 6∈ I(a1, . . . , ak)⊕ Λ.
By a finite iteration of the previous construction, we can show that the clo-
sure in Fκ(M) of the subset of all Lagrangian measured foliations F , such that
L(F)∩Λ = {0}, contains the subset of all periodic measured foliations. Hence
it coincides with the entire space Fκ(M). Our claim is therefore proved.
Lemma 4.4′. Every connected component Cκ of any stratum Mκ of the
moduli space of quadratic differentials has a boundary point in Sg with 2g
(paired) real strictly positive residues.
Proof. Let {γ1, . . . , γg} be a system disjoint simple closed curves on M
with the property that M̂ := M \ ∪{γ1, . . . , γg} is homeomorphic to a sphere
minus 2g disjoint disks. Let Vκ(γi) be the open subset of quadratic differentials
q ∈ Qκ such that the vertical foliation Fq = {ℜ(q1/2) = 0} has a closed regular
leaf γi(q) isotopic to γi and let Vκ(γ1, . . . , γg) := ∩Vκ(γi), i = 1, . . . , g. By
Lemma 4.4, since Cκ ⊂Mκ is open, the system {γ1, . . . , γg} can be chosen with
the additional property that the pull-back of Cκ to the Teichmu¨ller spaceQκ has
non-empty intersection with Vκ(γ1, . . . , γg). We then construct a continuous
deformation Φ : (0, 1]g×Vκ(γ1, . . . , γg)→ Vκ(γ1, . . . , γg) having the properties
listed below. Such a construction will conclude the proof. Let qt := Φt(q),
t = (t1, . . . , tg) ∈ (0, 1]g . Then
(1) If ti = 1 for all i = 1, . . . , g, then qt = q.
(2) If ti → 0 for all i = 1, . . . , g, then the Riemann surface carrying qt
converges to a Riemann surface with nodes, pinched along the curves
γ1, . . . , γg, hence qt converges in the moduli space Mg to a quadratic
differential q0 ∈ Sg.
(3) The zero set of qt coincides with the zero set Σq of q for all t ∈ (0, 1]g and
the cohomology class [ℑ(q1/2t )] = [ℑ(q1/2)] ∈ H1(M,Σq,R).
We will construct Φt(q) as a composition of deformations
Φ(i) : (0, 1] × Vκ(γi)→ Vκ(γi), i = 1, . . . , g,
pinching along γi. Let q ∈ Vκ(γi) and let γi(q) be the closed regular vertical
q-trajectory isotopic to γi. Let then M̂i := M \ {γi(q)}. Let γ(1)i , γ(2)i be the
boundary components of M̂i produced by cutting along the regular trajectory
γi(q), endowed with the orientation induced by M̂i, and let φi : γ
(1)
i → γ(2)i be
the corresponding (orientation reversing) attaching map. Let D
(k)
i be copies
of the closed unit disk in the complex plane and h
(k)
i be the meromorphic
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differentials on D
(k)
i , k = 1, 2, given by
(4.30) h
(k)
i :=
c
(k)
i
2π
dz
(k)
i
z
(k)
i
,
where c
(k)
i 6= 0 are the periods of ℑ(q1/2) along γ(k)i . Since γ(k)i , k = 1, 2, can be
identified to γi(q) taken with opposite orientations, we have that c
(1)
i +c
(2)
i = 0.
The boundary circle of D
(k)
i is a regular vertical trajectory of h
(k)
i . Hence by
gluing the pairs (D
(k)
i \{0}, h(k)i ) to the pair (M̂i, q1/2) along the curves γ(k)i , we
obtain a pair (Mi, q
1/2
i ), where Mi is a surface of genus g−1 with two (paired)
punctures and q
1/2
i is a regular 1-differential with the same zeroes as q
1/2. Let
ψ
(k)
i : ∂D
(k)
i → γ(k)i be the corresponding attaching map. Let ti ∈ (0, 1], let
S
(k)
i (ti) be the circle of radius ti in the disk D
(k)
i and let ψi(ti) : S
(1)
i (ti) →
S
(2)
i (ti) be the attaching map defined as follows:
(4.30′) ψi(ti)(z
(1)
i ) := ti (ψ
(2)
i )
−1 ◦ φi ◦ ψ(1)i (t−1i z(1)i ) .
Let (Mi(ti), qi(ti)
1/2) be the pair obtained by restriction of (Mi, q
1/2
i ) to the
complement of the open disk {|z(k)i | < ti} ⊂ D(k)i in Mi, then by gluing along
the boundary curves in the way prescribed by the attaching map (4.30′). If
ti 6= 0, Mi(ti) is a compact Riemann surface of genus g ≥ 2 and, since the
boundary circles S
(k)
i (ti) are regular vertical trajectories of the quadratic dif-
ferential qi, qi(ti) has the same zeroes as q, hence qi(ti) ∈ Qκ. In addition,
by the choice of the holomorphic differential (4.30) and of the attaching map
(4.30′), the cohomology class [ℑ(q1/2i (ti))] ≡ [ℑ(q1/2)] ∈ H1(M,Σq;R), for
all ti ∈ (0, 1]. By construction,
(
Mi(ti), qi(ti)
)
= (M, q), if ti = 1, and(
Mi(ti), qi(ti)
)
= (Mi, qi), if ti = 0, where qi is a regular quadratic differ-
ential with two poles of order 2 at the two (paired) punctures of the surface
Mi, with real strictly positive (equal) residues. We then define:
(4.31)
(a) Φ
(i)
ti
(q) := qi(ti) , (ti, q) ∈ (0, 1] × Vκ(γi) ;
(b) Φt(q) := Φ
(1)
t1 ◦ · · · ◦ Φ
(g)
tg (q) , (t, q) ∈ (0, 1]g × Vκ(γ1, . . . , γg) .
It can be checked that the pinching deformation Φ : (0, 1]g ×Vκ(γ1, . . . , γg)→
Vκ(γ1, . . . , γg), given by (4.31), is well-defined and has the required properties.
In fact, Φ
(i)
ti
(Vκ(γ1, . . . , γg)) ⊂ Vκ(γ1, . . . , γg), for all i = 1, . . . , g and all
ti ∈ (0, 1]. Since, by definition, Φ(i)ti (q) = q, if ti = 1, the property (1) holds.
Let (M0, q0) be the regular quadratic differential constructed by gluing all the
pairs (D
(k)
i \ {0}, h(k)i ) to the pair (M̂ , q1/2) along the curves γ(k)i . Then, since
M̂ is homeomorphic to a sphere minus 2g disjoint disks, M0 is a punctured
Riemann sphere (by the uniformization theorem) with 2g paired punctures
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and q0 is a regular quadratic differential with the same zeroes as q and poles
of order 2 at all punctures. Hence q0 ∈ Sg and in particular, by (4.30), it has
strictly positive residues. Since qt := Φt(q)→ q0 as ti → 0, for all i = 1, . . . , g,
property (2) is also proved. Finally, property (3), which will be relevant in a
similar construction carried out in Section 8.2, follows, as we have remarked
above, from the choice of the differentials (4.30) and of the attaching maps
(4.30′).
Theorem 4.5. No connected component Cκ of a stratum Mκ of holo-
morphic quadratic differentials is contained in the determinant locus. In fact,
the following stronger result holds. Let C(1)κ := Cκ ∩M(1)κ . We have:
(4.32) sup
q∈C
(1)
κ
Λi(q) = 1 , for all i ∈ {1, . . . , g} .
Proof. By the definition (4.2) it is sufficient to prove the statement for
i = g. By Lemma 4.4′, Cκ has an accumulation point (M0, q0) ∈ Sg with real
strictly positive residues at all 2g (paired) punctures of the punctured Riemann
sphere M0. Let (M(t,τ), q(t,τ)), (t, τ) ∈ Cg × C2g−3 be the holomorphic family,
whose construction has been outlined above, parametrizing a neighbourhood
of (M0, q0) in the compactified moduli space of quadratic differentials. Then
(M(t,τ), q(t,τ)) = (M0, q0), if (t, τ) = (0, 0), and (M(t,τ), q(t,τ)) ∈ Sg, if t = 0 and
τ ∈ C2g−3 is close to the origin. Let Π(t,τ) be the period matrix of M(t,τ) with
respect to a normalized basis {θ1(t, τ), . . . , θg(t, τ)} on M(t,τ), holomorphic in
a neigbourhood of the origin in Cg ×C2g−3. The period matrix is well-defined
if ti 6= 0 for all i = 1, . . . , g. By [15, III] or [71, §3, Corollary 6] (see for instance
[15, p. 54]), the period matrix satisfies the following asymptotics (taking into
account that the normalization condition adopted by [15] and [71] differs from
ours by a factor 2πı):
(4.33) Πij(t,τ) −
1
2πı
δij log ti
is bounded as t → 0, uniformly on τ ∈ C2g−3 in a compact neighbourhood of
the origin. Let Λi(t, τ), i ∈ {1, . . . , g}, be the eigenvalues (4.2) of the hermitian
form (4.2′) at (M(t,τ), q(t,τ)). By formula (4.6), Lemmas 4.2 and 4.2
′ and by
the boundedness of (4.33), we obtain:
(4.34) lim
(t,τ)→(0,0)
Λ1(t, τ) · · ·Λg(t, τ) = 1 .
Since any neighbourhood of (M0, q0) in the compactified moduli space contains
points of the connected component Cκ and since the hermitian form (4.2′)
and all its eigenvalues Λi are invariant under the multiplicative R-action on
quadratic differentials, the statement is proved.
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Corollary 4.5′. The second Lyapunov exponents of the Kontsevich-
Zorich cocycle with respect to the ergodic invariant measure given by the re-
striction to any connected component C(1)κ of a stratumM(1)κ is strictly positive.
In fact, it satisfies the estimate
(4.35) λ2(C(1)κ ) ≥
1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
Λg dµ
(1)
κ > 0 .
Proof. The first inequality in (4.35) follows from the ergodicity of the
Teichmu¨ller flow on C(1)κ (see Theorem 1.1) and from the lower bound proved
in Theorem 3.3. In fact, Λ− ≡ Λg, by the definitions (3.15), (4.2), (4.2′) and
standard properties of hermitian forms. Finally, the strict positivity of the
integral in (4.35) holds by Theorem 4.5, since the function Λg is continuous
and the measure µ
(1)
κ is positive on any open set.
5. The Kontsevich-Zorich formula revisited
and other formulas for the Lyapunov exponents
In [38] M. Kontsevich and A. Zorich obtained a formula for the sum
λ1+ · · ·+λg of the non-negative Lyapunov exponents of the Kontsevich-Zorich
cocycle. In this section we prove a different version of the formula along the
lines of Sections 2 and 3. The same method yields formulas for all the partial
sums λ1 + · · ·+ λk, 1 ≤ k ≤ g.
Let Gk(M,R) ⊂ H1(M,R) be the Grassmannian of isotropic subspaces of
dimension k ∈ {1, . . . , g}, which is a compact manifold of dimension
(2g − k)k − (k2 − k)/2. Let q ∈ Q(1)κ be an orientable quadratic differen-
tial and Ik ∈ Gk(M,R) an isotropic k-plane. Let Sk := {c1, . . . , ck} be an
ordered basis of Ik. By (2.4) such a basis corresponds to an ordered sys-
tem {m+1 , . . . ,m+k }, linearly independent over R, of meromorphic functions in
L2q(M). Let {v1, . . . , vk} ⊂ H1(M) be a system of the functions determined
(up to additive constants) by the orthogonal decompositions
(5.1) m+i = ∂
+
q vi + π
−
q (m
+
i ) ,
where π−q : L
2
q(M) →M−q is the orthogonal projection operator given by the
splitting (2.3). Let Ak, Hk, Bk and V k be the k×k matrices defined as follows:
(5.2)
Akij := (mi,mj)q ,
Hkij := (π
−
q (m
+
i ), π
−
q (m
+
j ))q ,
Bkij := Bq(m
+
i ,m
+
j ) := (m
+
i ,m
+
j )q ,
V kij := (∂
+
q vi, ∂
+
q vj)q = (∂
−
q vi, ∂
−
q vj)q .
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Such matrices depend on the pair (q,Sk), where q ∈ Q(1)κ and Sk is an ordered
linearly independent isotropic system of length k ∈ {1, . . . , g} of real coho-
mology classes. However they are invariant under the natural action of the
pure mapping class group Γg. By the isotropy property and (2.5
′), the matrix
Ak is real and symmetric, while Hk is hermitian and Bk, V k are complex and
symmetric.
Our goal is to compute the evolution of the k-dimensional volume on
any isotropic plane Ik under the action of the Kontsevich-Zorich cocycle. Let
q ∈ Q(1)κ and let Sk := {c1, . . . , ck} be any linearly independent ordered
isotropic system of cohomology classes.
Lemma 5.1. Let qt := Gt(q), Sk(t) := GKZt (Sk) and Akt , Hkt , Bkt and
V kt be the matrices associated to the pair
(
qt,Sk(t)
)
according to (5.2). The
following formulas hold :
(5.3)
d
dt
det(Akt ) = − 2 det(Akt )tr[(Akt )−1ℜBkt ] ,
d2
dt2
det(Akt ) = 4det(A
k
t ) {tr2[(Akt )−1ℜBkt ]
− tr[(Akt )−1ℜBkt ]2 + tr[(Akt )−1ℜ(Hkt − V kt )]} .
Proof. By the standard formulas for the derivatives of a determinant:
(5.4)
d
dt
det(Akt ) = det(A
k
t ) tr[(A
k
t )
−1 d
dt
Akt ] ,
d2
dt2
det(Akt ) = det(A
k
t ){tr2[(Akt )−1
d
dt
Akt ]
+ tr[(Akt )
−1 d
2
dt2
Akt −
(
(Akt )
−1 d
dt
Akt
)2
]} .
In addition, by the variational formulas (2.12) for the Kontsevich-Zorich cocy-
cle, proved in Lemma 2.1, we can compute
(5.4′)
d
dt
Akt = −2ℜBkt ,
d2
dt2
Akt = 4ℜ(Hkt − V kt ) .
The formulas in (5.3) are then obtained by (5.4) and (5.4′).
We can then compute the following generalization of the formula of Lemma
3.2. Let q ∈ Q(1)κ and qz, z ∈ D, be given by (3.1). Let Ik ∈ Gk(M,R) be an
isotropic k-plane and Sk be any given ordered basis of Ik. Let Akz , Hkz , Bkz and
V kz be the matrices associated to the pair
(
qz,Sk
)
according to (5.2).
Lemma 5.2. The following formulas hold :
(5.5) △h log |det(Akz)|1/2 = 4tr[(Akz)−1Hkz ]− 2tr[(Akz)−1Bkz (Akz)−1Bkz ] .
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Proof. The argument follows the proof of Lemma 3.2. It suffices to prove
(5.5) at the origin of the Poincare´ disk D. Let Xθ be the directional derivative
at z = 0, defined by (3.9). By Lemma 5.1 and the identities (3.11) and (3.11′),
we have:
(5.6)
Xθ det(A
k
z) = − 2 det(Ak0)tr[(Ak0)−1ℜ(e−iθBk0 )] ,
X2θ det(A
k
z) = 4det(A
k
0) {tr2[(Ak0)−1ℜ(e−iθBk0 )]
− tr[(Ak0)−1ℜ(e−iθBk0 )]2 + tr[(Ak0)−1ℜ(Hk0 − e−2iθV k0 )]} .
We can write the hyperbolic gradient and Laplacian in terms of the directional
derivatives as in (3.12):
(5.6′)
∇h det(Akz) =
(
X0 det(A
k
z),Xπ2 det(A
k
z )
)
= − 2 det(Ak0)(tr[(Ak0)−1ℜBk0 ], tr[(Ak0)−1ℑBk0 ]) ,
△h det(Akz) =
1
π
∫ 2π
0
X2θ det(A
k
z) dθ
= 4det(Ak0) {tr2[(Ak0)−1ℜBk0 ] + tr2[(Ak0)−1ℑBk0 ]
− tr[(Ak0)−1ℜBk0 ]2 − tr[(Ak0)−1ℑBk0 ]2 + 2tr[(Ak0)−1ℜHk0 ]} .
The desired formula (5.5) (at z = 0) can be derived from (5.6′) by applying
the formula (3.13) with φ(z) := |det(Akz)|1/2.
Lemma 5.2′. The formula
(5.7) Φk := 2tr[(A
k)−1Hk]− tr[(Ak)−1Bk(Ak)−1Bk] ,
where the matrices Ak, Hk and Bk are given by (5.2), is independent of
the choice of a basis of the isotropic plane Ik and therefore defines a non-
negative function Φk : Q
(1)
κ × Gk(M,R) → R, invariant under the natural
action of the modular group Γg. In addition, the following identities hold. Let
I1 ⊂ I2 ⊂ · · · ⊂ Ig ⊂ H1(M,R) be a finite sequence of isotropic subspaces
such that dim(Ik) = k ∈ {1, . . . , g}. Let q ∈ Q(1)κ and {m+1 , . . . ,m+g } be an
orthonormal basis of the space M+q of meromorphic functions in L2q(M) such
that, for each k ∈ {1, . . . , g}, {m+1 , . . . ,m+k } represents an orthonormal basis
of Ik, in the sense that, if ci = [ℜ(m+i q1/2)] ∈ H1(M,R), then {c1, . . . , ck}
is an orthonormal basis of Ik with respect to the Hodge norm induced by the
metric Rq. Then
(1) Φ1(q, I1) = 2|π−q (m+1 )|2 − |Bq(m+1 )|2 ,
(2) Φk(q, Ik) = Φg(q, Ig)−
∑g
i,j=k+1 |Bq(m+i ,m+j )|2 ,
(3) Φg(q, Ig) ≡ Λ1(q) + · · ·+ Λg(q) .
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Proof. The formula (5.7) depends in principle on the choice of a basis
{c1, . . . , ck} of the isotropic subspace Ik. However, since the matrix of a change
of base is a real matrix, a computation using the commutativity property of
the trace shows that in fact there is no dependence on the choice of the base.
In particular, if we choose an orthonormal basis, then by the isotropy of Ik,
(m+i ,m
+
j )q = δij and we obtain the following formula:
(5.7′) Φk(q, Ik) = 2
k∑
i=1
|π−q (m+i )|2 −
k∑
i,j=1
|Bq(m+i ,m+j )|2 .
The identity (1) is a particular case of (5.7′). The identity (2) can be computed
on the basis of (5.7′) taking into account the following identity, which holds
since {m+1 , . . . ,m+g }, and hence {m+1 , . . . ,m+g }, are orthonormal bases for the
spaces of meromorphic, respectively anti-meromorphic, functions in L2q(M):
(5.8) π−q (m
+
i ) =
g∑
j=1
Bq(m
+
i ,m
+
j )m
+
j .
Finally, if k = g, by (5.7′) and (5.8),
(5.9) Φg(q, Ig) =
g∑
i=1
|π−q (m+i )|2 = Λ1(q) + · · ·+ Λg(q) ,
which proves (3). The invariance of Φk under the natural action of the modular
group follows from the invariance of the matrices Ak, Hk, Bk, which enter in
the definition (5.7).
Let q ∈ Q(1)κ , z ≡ (t, θ) ∈ D in geodesics polar coordinates on the
Teichmu¨ller disk centered at q and let qz be defined as in (3.1). Let G
KZ
z
be given by the (trivial) parallel transport of cohomology classes from the ori-
gin at q to qz along the Teichmu¨ller disk centered at q in Q
(1)
κ . By Lemma 3.1
and Lemma 5.2,
(5.10)
1
2π
∂
∂t
∫ 2π
0
log |detAkz |1/2 dθ = tanh(t)
1
|Dt|
∫
Dt
Φk ◦GKZξ (q, Ik)ωP (ξ) .
As a first consequence of (5.10), we prove the following version of the
formula for the sum of the first g exponents, given by M. Kontsevich and
A. Zorich [38]:
Corollary 5.3. The Lyapunov exponents of the Kontsevich-Zorich co-
cycle with respect to the ergodic invariant measure given by the restriction to
any connected component C(1)κ of a stratumM(1)κ satisfy the following identity :
(5.11) λ1 + · · · + λg = 1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
(Λ1 + · · ·+ Λg) dµ(1)κ .
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Proof. Let σkq be the normalized canonical (Haar) measure on the Grass-
mannian Gk(M,R) of isotropic k-dimensional subspaces Ik ⊂ H1(Mq,R), en-
dowed with the Euclidean structure given by the Hodge inner product induced
by the metric Rq. The probability measure σ
k
q is invariant under the action of
the circle group SO(2,R) on Qg. In the case k = g, since the function Φg does
not depend on the Lagrangian plane Ig, by averaging (5.10) over Gk(M,R)
with respect to σgq , then over a stratum M(1)κ with respect to any ergodic
Gt-invariant measure µ, we obtain:
(5.12)
1
2π
∂
∂t
∫
M
(1)
κ
∫
Gk(M,R)
∫ 2π
0
log |detAgz |1/2 dθdσgqdµ
= tanh(t)
∫
M
(1)
κ
(Λ1 + · · ·+ Λg) dµ .
If µ is the normalized restriction to any connected component of M(1)κ of the
invariant measure µ
(1)
κ , which is absolutely continuous and invariant under the
action of the circle group on Q
(1)
κ , by applying Fubini’s theorem to the left-hand
side of (5.12) and averaging over [0,T ] with respect to time, we have:
(5.12′)
1
T
∫
M
(1)
κ
∫
Gk(M,R)
log |det(AgT (Ag0)−1)|1/2 dσkq dµ
=
log cosh T
T
∫
M
(1)
κ
(Λ1 + · · · + Λg) dµ .
The identity (5.12′) yields (5.11) in the limit T → +∞. In fact, by Oseledec’s
theorem, the limit of the left-hand side is equal to the sum λ1 + · · ·+ λg.
Remark 5.3′. Since Λ1 ≡ λ1 = 1, the formula (5.11) is equivalent to the
following:
(5.13) λ2 + · · · + λg = 1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
(Λ2 + · · ·+ Λg) dµ(1)κ .
In particular, such formula implies that λ2 > 0 (Corollary 4.5
′) and it gives an
exact formula for the second Lyapunov exponent in the case g = 2.
The formulas (5.10) directly imply the non-vanishing of about a half of
Lyapunov exponents in case g > 2.
Corollary 5.4. Let us consider the Lyapunov spectrum of the Kontse-
vich-Zorich cocycle with respect to the restriction of the measure µ
(1)
κ to any
connected component of M(1)κ . If k < g/2,
(5.14) 1 ≡ λ1 > λ2 ≥ · · · ≥ λk ≥ λk+1 > 0 .
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Proof. Let k < g/2 and let
(5.15) Mk(q) := sup{Φk(q, Ik) | Ik ∈ Gk(M,R)} .
We claim that any connected component of the stratum M(1)κ has an open
subset where the following inequality holds:
(5.15′) Mk(q) < Λ1(q) + · · · + Λg(q) .
In fact, if (5.15′) fails, by Lemma 5.2′ and the compactness of the Grassman-
nian, there exists an orthonormal system {m+1 , . . . ,m+g } ⊂ M+q such that
Bq(m
+
i ,m
+
j ) = 0 for all i, j ∈ {k + 1, . . . , g}. By (5.8), if the projection π−q is
injective, then g − k ≤ k. Since k < g/2 and, by Theorem 4.5, π−q is injective
on an open subset of any connected component of M(1)κ , the claim is proved.
By formula (5.10),
(5.16)
1
2π
∂
∂t
∫ 2π
0
log |detAkz |1/2 dθ ≤ tanh(t)
1
|Dt|
∫
Dt
Mk(qξ)ωP (ξ) .
Then, by averaging successively over Gk(M,R) with respect to σ
k
q , over a
connected component C(1)κ ⊂M(1)κ with respect to the normalized restriction µ
of the measure µ
(1)
κ and over the interval [0,T ] with respect to time, we obtain:
(5.16′)
1
T
∫
M
(1)
κ
∫
Gk(M,R)
log |det(AgT (Ag0)−1)|1/2 dσkq dµ
≤ log cosh TT
∫
M
(1)
κ
Mk(q) dµ .
Finally, by taking the limit as T → +∞, we have:
(5.17)
λ1 + · · · + λk ≤ 1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
Mk(q) dµ
(1)
κ
<
1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
(Λ1 + · · ·+ Λg) dµ(1)κ = λ1 + · · ·+ λg .
Hence, λk+1 > 0. In fact, a strictly positive lower bound can be derived from
(5.17).
The investigation of higher Lyapunov exponents requires some kind of
control on the invariant sub-bundles of the Kontsevich-Zorich cocycle. A result
in that direction will be proved in the next section. We conclude this section
by deriving one more consequence of formula (5.10), an exact formula for the
exponents in terms of the invariant sub-bundles.
Corollary 5.5. Assume λk > λk+1 ≥ 0, k ∈ {1, . . . , g − 1}. Let
E±k ⊂ H1κ(M,R) be the k-dimensional invariant sub-bundles corresponding re-
spectively to the sets of Lyapunov exponents ±{λ1, . . . , λk} in the Oseledec’s
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splitting of the Kontsevich-Zorich cocycle. Then the following formula holds:
(5.18) λ1 + · · ·+ λk = 1
µ
(1)
κ (C(1)κ )
∫
C
(1)
κ
Φk
(
q,E+k (q)
)
dµ(1)κ .
Proof. By Oseledec’s theorem, for almost all q ∈ M(1)κ , almost all
θ ∈ [0, 2π] and σkq -almost all k-dimensional isotropic subspaces Ik ∈ Gk(M,R),
(5.19) dist
(
GKZ(t,θ)(q, Ik), G
KZ
t (qθ, E
+
k (qθ))
) → 0 ,
as t → +∞. Consequently, since the function Φk is bounded and continuous,
by Fubini’s theorem and the dominated convergence theorem,
(5.19′)
1
|Dt|
∫
Gk(M,R)
∫
Dt
|Φk◦GKZ(s,θ)(q, Ik)
−Φk ◦GKZs
(
qθ, E
+
k (qθ)
)|ωP (s, θ) dσkq → 0 ,
as t→ +∞, for almost all q ∈ M(1)κ . Hence, by averaging (5.10) over Gk(M,R)
with respect to the measure σkq , then with respect to the normalized restriction
µ of the invariant measure µ
(1)
κ to a connected component C(1)κ ⊂ M(1)κ and
applying Fubini’s theorem, we find that, since E+k is an invariant sub-bundle
of GKZ and µ is SL(2,R)-invariant,
(5.20)
∂
∂t
∫
M
(1)
κ
∫
Gk(M,R)
log|det(Akt )|1/2 dσkq dµ
− tanh(t)
∫
M
(1)
κ
Φk
(
q,E+k (q)
)
dµ → 0 ,
as t → +∞. Finally, by averaging over [0,T ] with respect to time and by
Oseledec’s theorem, we obtain (5.18).
6. Basic currents for measured foliations
The invariant unstable and stable subspaces of the Kontsevich-Zorich co-
cycle at a quadratic differential q ∈ M(1)κ will be described in terms of dis-
tributional invariants of, respectively, its horizontal and vertical foliations, Fq
and F−q. Such invariants will be defined as a distributional generalization of
the notion of basic form, well known in the geometric theory of foliations [53],
[54], [63, Chap. 4], [2, §1.5 & §7] and will therefore be called basic currents.
In this section we prove a few properties of basic currents and of the weighted
Sobolev spaces introduced in [18, §2] which will be relevant in the study of
the Kontsevich-Zorich cocycle. The most crucial is a version of the Poincare´
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inequality with an explicit geometric estimate for the constant. Such an es-
timate, equivalent to a lower bound for the first non-trivial eigenvalue of the
Dirichlet form of the metric Rq, is obtained following Cheeger’s method [9],
[4].
6.1. Basic currents and invariant distributions. Let F be a measured
foliation on a compact orientable surface M of genus g ≥ 2 in the sense of
Thurston [62], [14]. Let Σ ⊂M be its (finite) set of singularities.
Definition 6.1. A basic current for F|M\Σ is a current C ∈ D′(M \Σ) (in
the sense of de Rham [11], see also [56, Chap. IX]), homogeneous of dimension
(and degree) equal to 1, with the following property:
(6.1) ıXC = LXC = 0 ,
for all smooth vector fields X tangent to F , with compact support in M \Σ.
The operators of contraction and Lie derivative, with respect to a smooth
vector field X, denoted ıX and LX respectively, are extended to currents in
the standard distributional (weak) sense [56, Chap. IX, §3]. The vector space
of all real basic currents for F|M\Σ will be denoted by BF (M \ Σ).
Let q ∈ Qκ be an orientable (holomorphic) quadratic differential on a
(marked) Riemann surface Mq. Let Σq be the (finite) set of its zeroes. We
introduce the following space Ωq(M) of smooth test forms on M . Let p ∈ Σq
be a zero of (even) order k ∈ N. There exists a canonical complex coordinate
z : Up → C on a neighbourhood Up such that p ∈ Up, z(p) = 0 and q = zkdz2
on Up. Let πp : Up → C be the (local) covering map defined by πp(z) :=
zk/2+1/(k/2 + 1). A form α ∈ Ωq(M) if and only if, for all p ∈ Σq, there
exists a smooth form λp on a neighbourhood of 0 ∈ C such that α = π∗p(λp)
on U ′p ⊂ Up. The dual space S ′q(M) of Ωq(M) will be called the space of
q-tempered currents on M . A homogeneous tempered current of dimension d
will be a continuous functional on the subset Ωdq(M) ⊂ Ωq(M) of homogeneous
forms of degree d ∈ N.
Let Vq(M) be the space of vector fields X on M \ Σq such that ıXα,
LXα ∈ Ωq(M) for all α ∈ Ωq(M).
Definition 6.1′. A current C ∈ S ′q(M), of degree and dimension equal to
1, is basic for F±q if the identities (6.1) holds in S ′q(M) for all X ∈ Vq(M),
tangent to F±q on M \ Σq. The vector spaces of real F±q-basic currents will
be denoted, respectively, by B±q(M).
Let Z ′(M \ Σq) ⊂ D′(M \ Σq) be the vector space of closed real homoge-
neous currents of dimension (and degree) equal to 1. A current C ∈ D′(M \Σq)
is closed if the identity dC = 0 holds in D′(M \ Σq) [11, Chap. IV, §18]. By
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the generalized de Rham theorem [11, §15, Th. 12], [56, Chap. IX, §3, Th. I],
there exists a natural cohomology map
(6.2) jq : Z ′(M \ Σq)→ H1(M \Σq,R) .
In fact, any closed current C ∈ Z ′(M \ Σq) defines a linear functional on the
de Rham cohomology with compact supports H1c (M \Σq,R) and, by Poincare´
duality, H1c (M \ Σq,R)∗ ≡ H1(M \ Σq,R). Let Z ′q(M) ⊂ Z ′(M \ Σq) be the
subspace of q-tempered currents C of dimension (and degree) equal to 1 which
are closed in S ′q(M), in the sense that dC = 0 holds in S ′q(M).
Lemma 6.2. The cohomology map (6.2) has the property that
(6.2′) jq : Z ′q(M)→ H1(M,R) ⊂ H1(M \ Σq,R) .
Proof. Let C ∈ Z ′q(M). Then C ∈ Z ′(M \ Σq) and the cohomology class
jq(C) ∈ H1(M \Σq,R) is therefore well-defined. Let c ∈ H1c (M \Σq,R) belong
to the kernel of the (surjective) canonical map
(6.3) ǫ : H1c (M \ Σq,R)→ H1(M,R) .
Then c = [dv], where v is a smooth function onM constant in a neighbourhood
of each point p ∈ Σq. Since v ∈ Ω0q(M) and C is closed in S ′q(M), C(dv) =
dC(v) = 0. Hence jq(C) ∈ N(ǫ)⊥, the annihilator of the kernel N(ǫ). The
dual map
(6.3′) ǫ∗ : H1(M,R)∗ → H1(M \ Σq,R)
coincides with the canonical injection H1(M,R) → H1(M \ Σq,R), under
the identification H1(M,R)∗ ≡ H1(M,R) given by the intersection form on
H1(M,R). Since N(ǫ)⊥ is equal to the range of the dual map ǫ∗, jq(C) ∈
H1(M,R).
Let B±q(M \Σq) := BF (M \Σq), F = F±q.
Lemma 6.2′. The following inclusions hold :
(1) B±q(M) ⊂ B±q(M \Σq),
(2) B±q(M \ Σ) ⊂ Z ′(M \ Σq),
(3) B±q(M) ⊂ Z ′q(M).
Proof. (1) follows directly from the definitions. In fact, since smooth
forms with compact support in M \ Σq belong to the space Ωq(M), the space
of q-tempered currents S ′q(M) ⊂ D′(M \ Σq) and vector fields with compact
support in M \ Σq belong to the space Vq(M).
48 GIOVANNI FORNI
(2) The identity
(6.4) LXC = ıXdC + d(ıXC)
holds for currents [56, (IX,3;32)] in D′(M \ Σq) if C ∈ D′(M \ Σq) and X is
a vector field with compact support in M \ Σq. Hence, if C ∈ B±q(M \ Σq),
ıXdC = 0 in D′(M \ Σq) for any vector field X, with compact support in
M \ Σq, tangent to F±q. Since C has dimension (and degree) equal to 1, dC
has dimension 0 (and degree 2). It follows that dC = 0, hence C is closed, in
D′(M \Σq).
(3) The identity (6.4) holds in S ′q(M) if C ∈ S ′q(M) and X ∈ Vq(M). If
C ∈ B±q(M), it follows by (6.4) that ıXdC = 0 for all vector fields X ∈ Vq(M),
tangent to F±q. Hence dC = 0 in S ′q(M).
Definition 6.3. The (first) distributional basic cohomology (with real
coefficients) of the measured foliations F±q|M\Σq , F±q, denoted respectively
by H1±q(M \ Σq,R), H1±q(M,R), are the images, under the cohomology map
(6.2), of the spaces of basic currents B±q(M \ Σq), B±q(M):
(6.5)
H1±q(M \Σq,R) := jq
(B±q(M \Σq)) ⊂ H1(M \ Σq,R) ,
H1±q(M,R) := jq
(B±q(M)) ⊂ H1(M,R) .
Basic currents in Bq(M) [B−q(M)] are related to the invariant distributions
for the vector field S [T ], constructed in [18, §4] as obstructions to the existence
of smooth solutions to the cohomological equation Su = f [Tu = f ]. They
therefore have a dynamical significance as they give obstructions to triviality of
time changes for flows tangent to the foliation. In fact, time-change triviality
is equivalent to the solvability of the cohomological equation [32, Def. 2.2.3 &
§2.9].
Definition 6.4. A quasi S-invariant [a quasi T -invariant] distribution
D ∈ D′(M \Σ) is a distributional solution of the equation SD = 0 [TD = 0] in
D′(M \Σ). An S-invariant [a T -invariant] distribution is a solution D ∈ S ′q(M)
of the equation SD = 0 [TD = 0] in S ′q(M). The vector space of quasi
S-invariant [quasi T -invariant] distributions will be denoted by Iq(M \ Σq)
[I−q(M \Σq)]. The subspace of S-invariant [T -invariant] distributions will be
denoted by Iq(M) [I−q(M)].
A distribution D will be considered as a current of degree 2 (and dimen-
sion 0). However, it is possible to identify distributions with currents of degree
0 (and dimension 2) by the isomorphism D → D∗ determined by the area form
ωq on the (open) manifold M \ Σ [56, Chap. IX, §2]. Given any distributions
D ∈ D′(M \Σq), let D∗ be the current of degree 0 (and dimension 2) uniquely
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determined by the identity D = D∗ωq. It is then possible to define the (exte-
rior) products D∗ηS or D∗ηT as in [11, p.42], [56, Chap. IX, §3]. Such products
are the currents, of dimension (and degree) equal to 1, given by the formulas
(6.6)
D∗ηS := D∗ ∧ ηS = ıSD ,
D∗ηT := D∗ ∧ ηT = −ıTD .
Lemma 6.5. The maps C±q : I±q(M \ Σq) → B±q(M \ Σq) given by the
formulas
(6.7)
C+q (D) := D∗ηS , D ∈ Iq(M \Σq) ,
C−q (D) := D∗ηT , D ∈ I−q(M \ Σq) ,
are bijective. The inverse mappings are given by the formulas
(6.7′)
C+ → −C+ ∧ ηT ∈ Iq(M \ Σq) ,
C− → C− ∧ ηS ∈ I−q(M \ Σq) .
In addition C±q (D) ∈ B±q(M) ⊂ B±q(M \ Σq) if and only if D ∈ I±q(M) ⊂
I±q(M \ Σq).
Proof. Let X be a smooth vector field tangent to Fq [F−q]. Then, since
F±q are 1-dimensional, X = WS [X = WT ], where W is a smooth function
with compact support in M \ Σq if X has compact support and W ∈ Ω0q(M)
if X ∈ Vq(M). Since, by (6.6), D∗ηS = ıSD [D∗ηT = −ıTD] and ı2S = ı2T = 0,
(6.8)
ıX(D∗ηS) =WıS(D∗ηS) =Wı2SD = 0
[ıX(D∗ηT ) =WıT (D∗ηT ) = −Wı2TD = 0 ] ,
in D′(M \Σ) if D ∈ D′(M \ Σ), in S ′q(M) if D ∈ S ′q(M).
Since ηS [ηT ] is closed, if D ∈ Iq(M \ Σq) [D ∈ I−q(M \ Σq)], we have
(6.8′)
d(D∗ηS) = d(D∗ ∧ ηS) = SD = 0
[d(D∗ηT ) = d(D∗ ∧ ηT ) = −TD = 0]
in D′(M \ Σ). Hence, by (6.4), D∗ηS ∈ Bq(M \ Σq) [D∗ηT ∈ B−q(M \ Σq)]. If
D ∈ Iq(M) [D ∈ I−q(M)] the identities (6.8′) hold in S ′q(M). Hence D∗ηS ∈
Bq(M) [D∗ηT ∈ B−q(M)].
Conversely, let C ∈ Bq(M \ Σq) [C ∈ B−q(M \ Σq)]. Let D ∈ D′(M \ Σ)
be the distribution given by
(6.9)
D := −C ∧ ηT
[D := C ∧ ηS ].
Let φ be any real-valued function with compact support in M \ Σq and
let X := φS [X := φT ]. Since ıXηT = φıSηT = φ [ıXηS = φıT ηS = φ] and
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ıXC = 0,
(6.9′)
φD∗ηS = ıXD = −ıX(C ∧ ηT ) = φC
[φD∗ηT = −ıXD = −ıX(C ∧ ηS) = φC] ,
hence C = D∗ηS [C = D∗ηT ] in D′(M \ Σ). In addition, D ∈ Iq(M \ Σq)
[D ∈ I−q(M \ Σq)], since
(6.10)
SD = d(D∗ηS) = dC = 0
[TD = −d(D∗ηT ) = −dC = 0]
in D′(M \Σq). If C ∈ Bq(M) [C ∈ B−q(M)], since S, T ∈ Vq(M), the identities
(6.9′), with φ ≡ 1, and (6.10) hold in S ′q(M). It follows that D ∈ Iq(M)
[D ∈ I−q(M)].
The space of all basic currents is filtered by a scale of subspaces of finite
order currents, defined in terms of the weighted Sobolev spaces introduced in
[18, §2].
6.2. Weighted Sobolev spaces of currents. The space L2q(M) is simply
the space of square-summable complex-valued functions with respect to the
area-form ωq considered in §2, i.e. L2q(M) := L2(M,ωq). The space Hsq (M),
s ∈ N \ {0}, was defined in [18, §2] as the completion of the space of smooth
complex-valued functions v on M such that
(6.11) |v|s :=
( ∑
i+j≤s
|SiT jv|20
)1/2
< +∞
with respect to the norm | · |s. Let Hs(M) denote the standard Sobolev spaces
on the compact manifold M [70, Chap. IV, §1]. The following properties hold:
(1) L2(M) ⊂ L2q(M),
(2) H1(M) ≡ H1q (M),
(3) Hsq (M) ⊂ Hs(M), s ≥ 2.
The embedding (1) is an immediate consequence of the definitions, since
ωq is a smooth 2-form on M , vanishing at Σ. The isomorphism in (2) can be
proved by [18, Lemmas 2.1 & 2.2]. The proof is based on Poincare´’s inequality
and on the following formulas (see [18, (2.7)]):
(6.11′)
S = |z|−k
{
ℜ(zk/2) ∂
∂x
− ℑ(zk/2) ∂
∂y
}
,
T = |z|−k
{
ℑ(zk/2) ∂
∂x
+ ℜ(zk/2) ∂
∂y
}
,
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where z = x + iy is a canonical complex coordinate for the (orientable)
quadratic differential q at a zero p ∈ Σq of even order k. By the same for-
mulas and (2) one can also derive (3). We also remark that the space of
smooth functions with compact support in M \ Σq is not dense in Hsq (M)
for s ≥ 2, as a consequence of (3) and of trace theorems for Sobolev spaces
[1, Th. 5.4]. However, it can be proved that Ω0q ⊂ Hsq (M) is a dense subspace,
for all s ≥ 0. In fact, C∞(M) ∩Hsq (M) is dense in Hsq (M) by definition. The
density of Ω0q in C
∞(M) ∩Hsq (M) can be proved by Taylor expansion at each
p ∈ Σq.
The weighted Sobolev spaces of 1-forms, defined for all s ≥ 0 by
(6.12) Hsq(M) := {α ∈ S ′q(M) | (ıSα, ıTα) ∈ Hsq (M)×Hsq (M)} ,
have a natural Banach space structure, isomorphic to the product Hsq (M) ×
Hsq (M). Since Ω
0
q ⊂ Hsq (M) is dense, Ω1q ⊂ Hsq(M) is also dense, for all
s ≥ 0. The dual Sobolev spaces H−sq (M), H−sq (M) will be the distributional
spaces defined, according to the standard Banach space theory, as the spaces
of bounded functionals on Hsq (M), Hsq(M) respectively. Let Isq (M) ⊂ Iq(M)
[Is−q(M) ⊂ I−q(M)] be the space of S-invariant [T -invariant] distributions of
order s ∈ N, that is the space of D ∈ H−sq (M) such that SD = 0 [TD = 0]
in H−s−1q (M). Let Bs±q(M) ⊂ B±q(M) ∩ H−sq (M) be the space of F±q-basic
currents of order s ∈ N, defined as follows:
(6.12′)
Bsq(M) := {C | ıSC = 0 ∈ H−sq (M), LSC = 0 ∈ H−s−1q (M)},
Bs−q(M) := {C | ıTC = 0 ∈ H−sq (M), LTC = 0 ∈ H−s−1q (M)}.
By Lemma 6.5, we have the following:
Lemma 6.6. A current C ∈ Bsq(M) [C ∈ Bs−q(M)] if and only if the
distribution C ∧ ηT ∈ Isq (M) [C ∧ ηS ∈ Is−q(M)]. In addition, the map
(6.13)
C → −C ∧ ηT ,
[C → C ∧ ηS ] ,
is a bijection from Bsq(M) [Bs−q(M)] onto the vector space Isq (M) [Is−q(M)] of
S-invariant [T -invariant] distributions of order s ∈ N.
Definition 6.7. The H−s (first) basic cohomology (with real coefficients)
of the measured foliations F±q is given by
(6.14) H1,s±q (M,R) := jq
(Bs±q(M)) ⊂ H1±q(M,R) ⊂ H1(M,R) .
TheH−s basic cohomology of the measured foliations F±q depends locally
only on the A. Katok’s fundamental class of the foliation. The proof is in fact
based on Katok’s local classification theorem for orientable measured foliations
on surfaces, announced in [29, Th. 3], proved in [32, Th. 14.7.4] or [47, Th.
7.11.7].
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Lemma 6.8. Let qt ∈ Qκ, t ∈ [0, 1], be a smooth family of quadratic
differentials. Let Σt be the set of zeroes of qt. With the natural identification
of the relative cohomology vector spaces H1(M,Σt,R) ≡ H1(M,Σ0,R), for all
t ∈ [0, 1], we have:
(6.15)
[ℑ(q1/2t )] ≡ λ+t [ℑ(q1/20 )] ∈H1(M,Σ0,R), and
all λ+t > 0 ⇒ H1,sqt (M,R) ≡ H1,sq0 (M,R) ,
[ℜ(q1/2t )] ≡ λ−t [ℜ(q1/20 )] ∈H1(M,Σ0,R), and
all λ−t > 0 ⇒ H1,s−qt(M,R) ≡ H1,s−q0(M,R) .
Proof. Since quadratic differentials in Qκ are determined up to isotopies
and the H−s basic cohomologies H1,s±q (M,R) are invariant under isotopies, we
can assume that Σt ≡ Σ0 and qt ≡ q0 on a neighbourhood of Σ0. By a re-
sult of A. Katok [32, Th. 14.7.4] or [47, Th. 7.11.7], if [ℑ(q1/2t )] = λ+t [ℑ(q1/20 )] ∈
H1(M,Σ0;R) [if [ℜ(q1/2t )] = λ−t [ℜ(q1/20 )] ∈ H1(M,Σ0;R)], with λ+t > 0
[λ−t > 0], for all t ∈ [0, 1], then the horizontal foliation Fqt is isotopic to
Fq0 [the vertical foliation F−qt is isotopic to F−q0 ]. In both cases the Katok’s
classification result holds since qt ≡ q0 in a neighborhood of the set Σt ≡ Σ0 of
common zeroes (hence the isotopy is equal to the identity on a neighbourhood
of Σ0). By the isotopy invariance of the H
−s basic cohomology, the argu-
ment can be reduced to the case Fqt = Fq0 [F−qt = F−q0 ]. Then, since the
property that qt ≡ q0 in a neighbourhood of Σt ≡ Σ0 implies that the dual
Sobolev spaces of currents H−sqt (M) ≡ H−sq0 (M), by the definition (6.12′) of
basic currents of order s ∈ N, it follows that
(6.15′)
Bsqt(M) = Bsq0(M)
[Bs−qt(M) = Bs−q0(M)] .
In fact, let ωt, ω0 be the (degenerate) area-forms induced, respectively, by the
quadratic differentials qt, q0. There exists a function Wt : M → R+ such
that Wt ≡ 1 in a neighbourhood of Σ0 and ωt = Wtω0. Hence, Fqt = Fq0
[F−qt = F−q0 ] implies St = W−1t S0 [Tt = W−1t T0]. Then (6.15′) follows by
applying the definition (6.12′). By (6.15′) and Definition 6.7 of the H−s basic
cohomologies, the statement is proved.
6.3. A geometric estimate of the Poincare´ constant. The property of
weighted Sobolev spaces which is the most relevant to the content of this
paper is a geometric estimate of the Poincare´ constant (the constant in the
Poincare´ inequality for the Dirichlet form of the metric induced by a quadratic
differential). Let q ∈ Qκ. The Dirichlet form of the metric Rq, introduced in
[18, (2.6)], is defined as the hermitian form on the Hilbert space H1q (M) given
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by
(6.16) Q(u, v) := (Su, Sv)q + (Tu, Tv)q .
The following is a stronger version of [18, Lemma 2.2], which adds a crucial
explicit geometric estimate of the constant.
Lemma 6.9. There is a constant Kg,σ > 0 such that the following holds.
Let q ∈ Q(1)g be the square of a holomorphic differential, Σq be the (finite) set
of its zeroes and let σ := card(Σq). Denote by ||q|| the Rq-length of the shortest
geodesic segment with endpoints in Σq. Then, for any v ∈ H1q (M),
(6.16′)
∣∣∣∣v − ∫
M
v ωq
∣∣∣∣
0
≤ Kg,σ||q|| Q(v, v)
1/2 .
Proof. It was shown in [18, §2] that many basic properties of the Laplace-
Beltrami operator for a (non-degenerate) smooth Riemannian metric R on a
compact surface hold for the Dirichlet form Q. In particular, since the Max-
Min principle holds [18, Lemma 2.4], we have the following standard relation
between the constant in the Poincare´ lemma and the first non-zero eigenvalue
λ1 of Q. Let Z1q ⊂ H1q (M) be the subspace of zero average functions. Then
(6.17) min
v∈Z1q
Q(v, v)
|v|20
= λ1 ,
where the minimum is achieved at v = u1, where u1 is any eigenfunction with
eigenvalue λ1. A standard lower estimate for the first non-zero eigenvalue is
given, for smooth Riemannian metrics on compact manifolds, in terms of the
Cheeger isoperimetric constant [9]. Cheeger’s argument [9], [4, Chap. III, D.4]
carries over without modifications to the case of the degenerate Riemannian
metric Rq. In fact, by [18, Th. 2.3 (iii)] all eigenfunctions of the Dirichlet form
Q are smooth on M , including at Σq. In addition, the degenerate metric Rq
induces a well-defined smooth conformal structure onM , hence the key step of
Cheeger’s proof, the co-area formula [8, Th. 6.3], holds. Let hq be the Cheeger
isoperimetric constant for the metric Rq,
(6.18) hq := inf
Lq(Γ)
min(volq(M1), volq(M2))
,
where Lq denotes the Rq-length and the infimum is taken over all compact
1-dimensional submanifolds Γ ⊂ M , dividing M into two submanifolds with
boundary M1, M2 such that ∂M1 = ∂M2 = Γ and M1 ∪M2 = M . Then the
Cheeger inequality reads
(6.18′) λ1 ≥ 1
4
h2q .
54 GIOVANNI FORNI
The final step consists in a lower estimate of hq. A 1-dimensional submanifold
Γ ⊂M is a finite union of simple closed curves. If Γ contains a closed curve γ
non-homotopic to zero in M , and since volq(M) = 1,
(6.19)
Lq(Γ)
min(volq(M1), volq(M2))
≥ Lq(γ) ≥ ||q|| .
In fact, the shortest simple closed curve γ̂ freely homotopic to γ, which exists
by [58, Th. 18.4], either contains singularities or it is a waist curve of an
embedded flat cylinder. The boundary of the cylinder is then the union of
a finite number of geodesic segments with endpoints in Σq. In either case
Lq(γ) ≥ Lq(γ̂) ≥ ||q||. If all simple closed curves in Γ are homotopic to zero,
since by an elementary lemma due to S. T. Yau [73, (1)-(4)] the infimum in
the definition (6.18) can be equivalently taken on Γ such that M1, M2 are
connected, by the Jordan-Brouwer separation theorem, we can assume that Γ
is reduced to a single simple closed smooth curve bounding a simply connected
domain Ω ⊂M . Let p0 ∈ Ω be any given point and consider the holomorphic
map Φq : Ω→ C given by
(6.20) Φq(p) :=
∫ p
p0
q1/2 ,
where q1/2 is a holomorphic square root of q on Ω. The map Φq is well-defined
and holomorphic since Ω is simply connected and q1/2 is a holomorphic differ-
ential. By the open mapping theorem for holomorphic functions, Φq(Ω) ⊂ C
is an open set and Φq is a branched covering with at most 2g − 1 sheets
by the Riemann-Hurwitz relation [13, I.2.7]. Since, by definition, the metric
Rq = Φ
∗
q(Re), where Re is the Euclidean metric on C,
(6.21)
Lq(Γ)
min(volq(Ω), volq(M \ Ω)) ≥
Le(Φq(Γ))
vole(Φq(Ω))
≥ 2π1/2(2g − 1)1/2 ,
where the last inequality follows from the classical isoperimetric inequality for
the Euclidean metric in R2, that is L2e(∂D) ≥ 4πvole(D) if D ⊂ R2 is any
domain [8, §6.2], and from the estimate vole(Φq(Ω)) = (2g − 1)−1volq(Ω) ≤
(2g − 1)−1.
Let dq(M) := max{dq(p,Σq) | p ∈ M} be the maximum Rq-distance of
any point of M to a zero of q. Since ||q||/2 ≤ dq(M) and, by [45, Cor. 5.6],
there exists a constant K ′g,σ > 0 (depending only on (g, σ)) such that either
dq(M) ≤
√
2/π or dq(M) ≤ K ′g,σ/||q||, the estimate (6.16′) follows from (6.17),
(6.18′), (6.19) and (6.21).
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7. The structure of the space of basic currents of finite order
The results we present below on the structure of the space of basic cur-
rents and on the basic cohomology of measured foliations are derived from [18]
and therefore do not depend on the previous sections of the paper (with the
exception of §6.1 and §6.2).
7.1. Basic currents with non-vanishing cohomology class. Let q ∈ Qκ, let
Σ := Σq be finite set of its zeroes and F := Fq be its horizontal foliation.
A current C ∈ D′(M \ Σ) will be said to be of finite order s ∈ N if it can
be extended to a continuous linear functional on the Sobolev space of forms
Hsloc(M \ Σq). The space of basic currents of order s ∈ N of the measured
foliation F|M\Σ will be denoted by BsF (M \ Σ). The space BsF(M) := Bsq(M)
of basic currents of order s ∈ N for F = Fq has been defined in Section 6.2.
Let jΣ : Z ′(M \ Σ)→ H1(M \ Σ,R) be the cohomology map (6.2) and let
(7.1)
H1,sF (M \ Σ,R) := jΣ
(BsF (M \ Σ)) ⊂ H1(M \ Σ,R) ,
H1,sF (M,R) := jΣ
(BsF (M)) ⊂ H1(M,R) ,
be the H−s basic cohomologies of, respectively, F|M\Σ and F . We will prove
the following:
Theorem 7.1. There exists an integer l > 1 such that the following
holds. Let q0 ∈ Qκ. For almost all q ∈ SO(2,R)q0 ⊂ Qκ with respect to
the (Haar) Lebesgue measure, the basic cohomologies of order s > l of the
horizontal measured foliation F := Fq satisfy the following identities:
(7.1′)
(i)H1,sF (M,R) ≡ HF := {c ∈ H1(M,R) |c ∧ [ηF ] = 0} ,
(ii)H1,sF (M \ Σ,R) ≡ H1(M \ Σ,R) .
The form ηF := ℑ(q1/2) is the closed 1-form determined by the measured fo-
liation F , hence the cohomology class [ηF ] is the projection under the map
H1(M,Σ;R)→ H1(M,R) of the Katok ’s fundamental class of F .
Remark 7.1′. Let µ be a probability measure on the moduli space M(1)κ
with the property that the conditional measures induced by µ on the orbits
of the circle group SO(2,R) are absolutely continuous. By Theorem 7.1 and
Fubini’s theorem, the identities (7.1′) hold for µ-almost all q ∈ M(1)κ . The
statement holds in particular if µ = µ
(1)
κ is the (unique) absolutely continuous
Gt-invariant probability measure on M(1)κ .
In [18, §4] S-invariant distributions were constructed by the following
method. Let m+ ∈ M+q be a meromorphic function in L2q(M) with poles at
Σ := Σq, the set of zeroes of a quadratic differential q ∈ Qκ. If U ∈ H−sq (M)
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is a solution of the cohomological equation SU = m+ in H−s−1q (M), then
D = ∂+q U ∈ H−s−1q (M) is an S-invariant distribution on M . A refined version
of this construction will enables us to detect the cohomology classes of basic
currents corresponding to the S-invariant distributions constructed.
The spacesM±Σ of all meromorphic, respectively anti-meromorphic, func-
tions with poles at Σ := Σq is a subspace of S ′q(M). In fact, a function
m± ∈ M±Σ can be regarded as a distribution in H−sq (M) if and only if at any
point p ∈ Σ the order of a pole of m± does not exceed k/2+ (k/2+1)s, where
k is the (even) order of zero of the quadratic differential q at p [18, §4]. The
distributions defined by m± ∈ MΣ are given, for any function v ∈ Hsq (M), by
the formula
(7.2) (m±, v) := lim
ǫ→0
∫
M\Σǫ
m± v ωq ,
where Σǫ denotes the ǫ-neighbourhood of the finite set Σ with respect to
the geodesic distance. The distribution defined by (7.2) is called the prin-
cipal value of m± (principal values of meromorphic and anti-meromorphic
functions on the complex plane and the action of the Cauchy-Riemann op-
erators on distributions are studied in [3, 3.6 & 3.8]). There exist isomor-
phisms h±q : M±Σ → H±Σ(M) onto the spaces of meromorphic, respectively
anti-meromorphic, differentials with poles at Σ:
(7.2′)
h+q (m
+) := m+ q1/2 ,
h−q (m
−) := m− q1/2 .
In particular, h±q maps the finite dimensional spaces M±q of L2q(M) mero-
morphic, respectively anti-meromorphic, functions onto the spaces H±q (M) of
holomorphic, respectively anti-holomorphic, differentials on the Riemann sur-
face Mq.
Let m+ ∈ M+Σ be a meromorphic function with poles at Σ. Let U ∈
D′(M \Σ) be a distributional solution of the equation SU = −ℜ(m+) in D′(M \
Σ). Let U∗ be the (unique) current of dimension 2 and degree 0 such that
U = U∗ωq. The 1-current C ∈ D′(M \Σ) uniquely determined by the identity
(7.3) dU∗ = −ℜh+q (m+) + C
is basic for Fq|M\Σ. In fact, by (7.3), C is closed (since h+q (m+) is closed
and dU∗ is exact) in D′(M \ Σ) and ıSC = 0, since SU = −ℜ(m+). Then
LSC = 0 by (6.4). A short computation also shows that C = D∗ηS , where D
is the quasi S-invariant distribution given by D = −C ∧ ηT = TU − ℑ(m+).
If h+q (m
+) is closed in S ′q(M), which is the cases if m+ ∈ L2q(M), and the
equation SU = −ℜ(m+) holds in S ′q(M), then C ∈ S ′q(M) and it is basic for
Fq. By (7.3), the cohomology class [C] = [ℜh+q (m+)] ∈ H1(M \Σ,R).
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It is a standard fact in the theory of Riemann surfaces, related to Hodge
theory, that each cohomology class in H1(Mq,R) can be represented by a
harmonic differential ℜ(h+), where h+ is a holomorphic differential on the
Riemann surface Mq [13, III.2]. Moreover, it follows from the Riemann-Roch
theorem [13, III.4] that all cohomology classes in H1(Mq \ Σ;R) can be rep-
resented in the form ℜ(h+) where h+ is a meromorphic differential with at
most simple poles at Σ. The strategy of our argument will therefore be based
on the construction of solutions to the cohomological equation SU = −ℜ(m+)
in D′(M \ Σ) (in S ′q(M)) for appropriate choices of a meromorphic function
m+ ∈ M+Σ . The construction of basic currents depends therefore on the fol-
lowing:
Theorem 7.2 ([18, Th. 4.1]). There exists an integer r > 1 such that
the following holds. Let q0 ∈ Qκ. For almost all q ∈ SO(2,R)q0 ⊂ Qκ with
respect to the (Haar) Lebesgue measure, the cohomological equation Su = f
has a distributional solution u ∈ H−rq (M) for any given f ∈ Hr−1q (M) with∫
M f ωq = 0.
We would like to construct solutions of the equation SU = −ℜ(m+), as
h+q (m
+) varies over all possible meromorphic differentials on M with at most
simple poles at Σ. Theorem 7.2 cannot be directly applied since ℜ(m+) 6∈
Hrq (M). In the case of a smooth differential, which corresponds to the case
that m+ ∈ L2q(M), the idea is to first solve the equation locally around Σ.
Let p ∈ Σ be a zero of q of even order k. With respect to a canonical
holomorphic coordinate z = x+ iy at p, q(z) = zkdz2. By (6.11′) we have:
(7.4)
Sz = z−k/2 , Sz = z−k/2 ,
T z = ız−k/2 , T z = −ız−k/2 .
By the identities (7.4), the equation SU = −ℜ(m+) can be solved locally by
expanding the meromorphic function m+ ∈ L2q(M) in Laurent series around
each point p ∈ Σ. In fact, if a m± ∈ M±q ⊂ L2q(M), then m± has a pole of
order at most k/2 at a zero p ∈ Σ of order k. Hence, by (7.4), the local solution
u± of the equation Su± = m±, constructed formally by Laurent expansion, is
respectively holomorphic, anti-holomorphic. Let u0 be the function obtained
as an extension to M of the local solution of the equation SU = −ℜ(m+) by
partition of unity. Then u0 is smooth on M , hence u0 ∈ H1q (M), although
u0 6∈ H2q (M), and Su0 = −ℜ(m+) in a neighbourhood of Σ. It follows that the
function f1 := −ℜ(m+) − Su0 ∈ Hsq (M), for all s ∈ N. In fact, f1 is smooth
and has compact support in M \ Σ. In order to apply Theorem 7.2 to the
equation Su1 = f1 we have to impose the zero average condition:
(7.5)
∫
M
ℜ(m+ + Su0)ωq =
∫
M
ℜh+q (m+) ∧ ηS = 0 .
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Under condition (7.5) Theorem 7.2 yields a solution u1 ∈ H−rq (M). Hence
the distribution U = u0 + u1 ∈ H−rq (M) is a solution of the equation SU =
−ℜ(m+) in H−r−1q (M) and the identity (7.3) determines a real Fq-basic cur-
rent C ∈ H−r−1q (M), cohomologous to the harmonic form ℜh+q (m+). By this
method, we can construct basic currents C ∈ Br+1F (M) representing any given
cohomology class in the subspace {c ∈ H1(M,R) | c ∧ [ηF ] = 0}. In fact, such
cohomology classes can be represented by smooth harmonic differentials onM ,
ℜh+q (m+), m+ ∈ L2q(M), satisfying the zero average condition (7.5).
Conversely, it can be proved that if C ∈ BF(M), then the zero average
condition (7.5) holds. In fact,
(7.5′) [C] ∧ [ηF ] = C ∧ ηS = ıSC ∧ ωq = 0 .
Theorem 7.1(i) is therefore proved.
In order to prove Theorem 7.1(ii) we need a regularization result proved
in [18, Lemma 4.3B]. The main idea is to express all distributions in the dual
weighted Sobolev spaces, which vanish on constant functions, as sums of iter-
ated Cauchy-Riemann derivatives of smooth functions. In [18, Prop. 4.6A] we
described the kernels of the Cauchy-Riemann operators ∂±−s : H
−s+1
q (M) →
H−sq (M) modulo distributions supported at Σ. From this perspective such
kernels are given by all equivalence classes of, respectively, meromorphic and
anti-meromorphic, functions in H−s+1q (M) modulo distributions supported at
Σ. Such a conclusion follows immediately from the remark that ∂± are Cauchy-
Riemann operators in the standard sense on the open manifold M \ Σ; hence
their distributional kernel is given by, respectively, all holomorphic and anti-
holomorphic functions. We prove below a refined version of such a result:
Lemma 7.3. Let ∂±−s : H
−s+1
q (M)→ H−sq (M), s ≥ 1, denote the Cauchy-
Riemann operators on dual weighted Sobolev spaces. The range R(∂±−s) ⊂
H−sq (M) of the Cauchy-Riemann operators is given by all distributions van-
ishing on constant functions. The kernel N(∂±−s) ⊂ H−s+1q (M) consists re-
spectively of meromorphic, anti -meromorphic, functions in H−s+1q (M) which
have no terms of the form z−ℓ(k/2+1), z−ℓ(k/2+1), ℓ ∈ N \ {0}, in the Laurent
expansion with respect to the canonical holomorphic coordinate, at a zero of q
of (even) order k ∈ N \ {0}.
Proof. Let Φ ∈ H−sq (M). Then
(7.6) (U, ∂±v) := −(Φ, v) , for all v ∈ Hsq (M) ,
defines a linear bounded functional on the (closed) range of the linear operator
∂±s : H
s
q (M) → Hs−1q (M). In fact, the kernel of ∂± on Hsq (M) contains only
constant functions [18, Prop. 4.3A] and by hypothesis Φ vanishes on constant
DEVIATION OF ERGODIC AVERAGES 59
functions. In addition, by Poincare´’s inequality (Lemma 6.9),
(7.7) |(U, ∂±v)| = |(Φ, v)| ≤ C|v|s ≤ Cs|∂±v|s−1 .
Finally, U extends by the Hahn-Banach theorem to a linear bounded functional
on Hs−1q (M), i.e. to a distribution U ∈ H−s+1q (M), which by construction
satisfies the equation ∂±−sU = Φ in H
−s
q (M). Hence the stated description of
the range R(∂±−s) is proved (following [18, Prop. 4.6A]).
Let U ∈ H−s+1q (M) be a solution of ∂±U = 0. By the local properties of
the Cauchy-Riemann operators onM \Σ, the restriction of U toM \Σ is a holo-
morphic, respectively an anti-holomorphic, function. Since U ∈ H−s+1q (M),
it is a meromorphic, respectively an anti-meromorphic, function with poles of
order at most k/2 + (k/2 + 1)(s− 1) at any point p ∈ Σ where q has a zero of
(even) order k. A local computation of ∂±U at points of Σ concludes the proof.
In fact, let p ∈ Σ be a zero of order k and let vα,β be the Taylor coefficients
of a smooth function v supported in a neighbourhood of p, with respect to
the complex coordinates z, z, where z is the canonical coordinate for q at p
(determined by the conditions q(z) = zkdz2 and z(p) = 0). Since ∂± = S± iT
and the vector fields S, T are given by (7.4), with respect to the canonical
coordinate, by applying Stokes theorem we get the following formulas:
(7.8)
(
∂+(z−n), v
)
= − lim
ǫ→0
∫
M\Σǫ
z−n ∂+v ωq = 2πvn−k/2−1,0 ,
(
∂−(z−n), v
)
= − lim
ǫ→0
∫
M\Σǫ
z−n ∂−v ωq = 2πv0,n−k/2−1 .
The reader can compare (7.8) with similar formulas for the non-singular situa-
tion [3, §§3.6 & 3.8]. Since U ∈ H−s+1q (M) and it is meromorphic, respectively
anti-meromorphic, it can have at p a pole of order at most k/2+(k/2+1)(s−1).
On the other hand, a smooth function v ∈ Hsq (M) is not allowed to have an
arbitrary Taylor series at p. In fact, v ∈ Hsq (M) if and only if:
(7.9) vα,β 6= 0 =⇒ α+ β ≥ −k/2 + s(k/2 + 1) or α, β ∈ Z · (k/2 + 1) .
By (7.8) and (7.9), if n − k/2 − 1 = (ℓ − 1)(k/2 + 1), that is n = ℓ(k/2 + 1),
ℓ ∈ N \ {0},
(7.10)
∂+(z−n) = 2π
(−1)ℓ−1
(l − 1)! (∂
−)ℓ−1δp 6= 0 ,
∂−(z−n) = 2π
(−1)ℓ−1
(l − 1)! (∂
+)ℓ−1δp 6= 0 ,
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where δp is the Dirac delta at p ∈ Σ. If n ≤ k/2 + (k/2 + 1)(s − 1), z−n and
z−n ∈ H−s+1q (M) locally and, since δp ∈ H−2(M) ⊂ H−2q (M), the identities
(7.10) hold in H−sq (M). Such formulas can be compared with the analogous
formulas for the derivatives of meromorphic and anti-meromorphic functions
on the complex plane [3, Prop. 3.6.3].
We have therefore proved that, if n ≤ k/2 + (k/2 + 1)(s − 1) and n =
ℓ(k/2 + 1) for any ℓ ≥ 1, then meromorphic and anti-meromorphic functions,
with a pole of order n at a zero of (even) order k of the orientable holomorphic
quadratic differential q, do not belong to the kernel N(∂±−s) ⊂ H−s+1q (M). On
the other hand, if n 6= ℓ(k/2 + 1), then ∂+(z−n) = ∂−(z−n) = 0 in H−sq (M),
by (7.8) and (7.9), since n− k/2− 1 < −k/2 + s(k/2 + 1).
By Lemma 7.3, if D ∈ H−sq (M) vanishes on constant functions, then there
exist functions u± ∈ L2q(M) (which can be taken of zero average) such that
(∂±)su± = D. It is not possible in general to have a similar statement with
u± smoother than L2q, since the operators ∂
± : H1q (M)→ L2q(M) have a non-
trivial cokernel. However, the following result holds:
Lemma 7.4. Let s ≥ 0 and r ≥ 1. Then, any function v ∈ Hsq (M) such
that
∫
M v ωq = 0 can be (non-uniquely) represented as follows:
(7.11) v =
∑
i+j=r
(∂+)i(∂−)j vij , where vij ∈ Hs+rq (M) .
The proof of this lemma is given in [18, Prop. 4.3A & Lemma 4.3B] and
will be omitted.
We can now prove a stronger version of Theorem 7.2:
Corollary 7.5. There exists an integer r > 1 (given by Theorem 7.2)
such that the following holds. Let q0 ∈ Qκ. For almost all q ∈ SO(2,R)q0 ⊂ Qκ
with respect to the (Haar) Lebesgue measure, the cohomological equation
SU = Φ has a distributional solution U ∈ H−s−2r+1q (M) for any given Φ ∈
H−sq (M) vanishing on constant functions.
Proof. Since Φ vanishes on constant functions, by iterated application of
Lemma 7.3, there exists a zero average function f ∈ L2q(M) such that
(7.12) (∂+)sf = Φ .
Then, by applying Lemma 7.4, with s = 0, to the function f , there exist zero
average functions fij ∈ Hr−1q (M) such that
(7.13) Φ = (∂+)sf =
∑
i+j=r−1
(∂+)i+s(∂−)j fij .
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By Theorem 7.2, it is possible to find distributional solutions Uij ∈ H−rq (M)
of the equations SUij = fij. Then
(7.14) U :=
∑
i+j=r−1
(∂+)i+s(∂−)jUij ∈ H−2r−s+1q (M)
is a distributional solution of the equation SU = Φ in H−2r−sq (M).
All cohomology classes c ∈ H1(M \ Σ,R) can be represented by the real part
of a meromorphic differential h+ with at most simple poles at Σ. In fact, by
the Riemann-Roch theorem [13, III.4.8] the complex dimension of the space of
meromorphic differentials with at most simple poles at Σ is equal to 2g+σ−1,
where σ := card(Σ), hence it is equal to the dimension of the cohomology
H1(M \Σ,C). If h+ has at most simple poles at Σ, then h+ = h+q (m+), where
m+ ∈ MΣ has a pole of order at most k/2 + 1 at any zero of q of order k. We
would like to construct a solution in D′(M \Σ) of the equation SU = −ℜ(m+).
If ℜ(m+) does not vanish on constant functions, then no solution of finite
order U ∈ H−sq (M) exists. In fact, if U ∈ H−sq (M), then SU ∈ H−s−1q (M)
vanishes on constant functions. In order to bypass this difficulty, we construct
a distributional solution of the modified equation SU = −ℜ(m+)+δ, where δ is
a (Dirac) distribution supported on Σ with the property that the distribution
Φ := −ℜ(m+) + δ ∈ H−2q (M) vanishes on constant functions. The existence
of a solution U ∈ H−2r−1q (M) is given by Corollary 7.5. Since U is a solution
of the modified equation SU = −ℜ(m+)+ δ in H−2r−2q (M) and δ is supported
on Σ, the distribution U solves the equation SU = −ℜ(m+) in D′(M \Σ). Let
C ∈ H−2r−2q (M) be the currents obtained from U by the identity (7.3). By
construction of U and (7.3), C ∈ BsF (M \Σ), s ≥ 2r + 2, and the cohomology
class [C] = [ℜ(h+)] ∈ H1(M \ Σ,R). Theorem 7.1(ii) is therefore proved and
the proof of Theorem 7.1 is completed.
7.2. Basic currents with vanishing cohomology class. Let D be a quasi
S-invariant distribution and let D∗ be the current of dimension 2 (and degree 0)
corresponding to D under the isomorphism induced by ωq. Then C := dD∗ ∈
BF (M \Σ). In fact,
(7.15)
ıS dD∗ = LSD∗ = 0 ,
LSdD∗ = d ıS dD∗ = 0
in D′(M\Σ). Moreover, by its definition as a differential, C has vanishing coho-
mology class. If D is S-invariant, then (7.15) holds in S ′q(M) and C ∈ BF (M).
It follows that the dimension of the vector space of basic currents with vanish-
ing cohomology class is (at least) countable. In fact, it is possible to generate
a sequence of linearly independent basic currents by iteration of the construc-
tion just explained. In other terms, if D is any (quasi) S-invariant distribution,
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then {T ℓD}, ℓ ∈ N, is a sequence of linearly independent (quasi) S-invariant
distributions. We prove below that this procedure generates all basic currents
for FM\Σ [for F ] (hence all quasi S-invariant [S-invariant] distributions) of
finite order.
Lemma 7.6. Let C be any real current of order s ∈ N, dimension (and
degree) equal to 1, closed in D′(M \Σ). Then there exist a current U∗ of order
s− 1, dimension 2 (and degree 0) and a meromorphic differential h+, with at
most simple poles at Σ, such that
(7.16) dU∗ = −ℜ(h+) + C
in D′(M \ Σ). If C ∈ H−sq (M) is closed in S ′q(M), then there exist a current
U∗ ∈ H−s+1q (M) and a differential h+, holomorphic on Mq, such that (7.16)
holds in H−sq (M).
Proof. If C is closed in D′(M \ Σ), since, by the Riemann-Roch theorem
[13, III.4], any cohomology class in H1(M \Σ;R) can be represented as ℜ(h+),
where h+ is a meromorphic differential with at most simple poles at Σ, it
follows from [11, §15, Th. 12] that there exists a current U∗ ∈ D′(M \ Σ) of
dimension 2 (and degree 0) such that (7.16) holds in D′(M \ Σ). In addition,
if C is of order s ∈ N, then U∗ is of order s− 1 by (7.16).
If C ∈ H−sq (M) is closed in S ′q(M), we cannot immediately deduce our
statement from the standard de Rham theory. Instead, we argue as follows.
Let z be the canonical coordinate at a zero p ∈ Σ of (even) order k and let
π : Up → Dp be the local covering map defined by πp(z) := zk/2+1/(k/2 + 1)
on a neighbourhood of p ∈ M onto a neighbourhood Dp ⊂ C of the origin.
The push-forward (πp)∗(C) ∈ D′(Dp) is well-defined (see [11, Chap. III, §11]
or [56, Chap. IX, §4]) and closed, hence exact. There exists therefore a current
Vp ∈ D′(Dp) such that dVp = (πp)∗(C). By the definition of the distributional
space S ′q(M), the pull-back π∗p(Vp) is also (locally) defined as a current in
S ′q(M) over Up. In fact, a form α ∈ Ω2q(M), locally over Up, if and only if
α = π∗p(λp), where λp is a (unique) smooth 2-form on Dp. Then, by definition,
π∗p(Vp)(α) := Vp(λp). A computation shows that dπ
∗
p(Vp) = C in S ′q(M), locally
over Up. Let {Up}, p ∈ Σ, be a finite family of disjoint open sets and, for each
p ∈ Σ, let U ′p ⊂⊂ Up be a relatively compact open subset such that p ∈ U ′p. Let
U∗p ∈ S ′q(M) be a current such that U∗p ≡ π∗p(Vp) in U ′p and U∗p ≡ 0 in M \ Up.
Then the current of dimension 2 (and degree 0)
(7.17) U∗0 :=
∑
p∈Σ
U∗p ∈ S ′q(M)
is such that C−dU∗0 ∈ S ′q(M) has compact support inM \Σ and can therefore
be extended to a current in D′(M). In addition, since C is closed and dU∗0
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is exact in S ′q(M), by Lemma 6.2 the cohomology class [C − dU∗0 ] = [C] ∈
H1(M,R). By [11, §15, Th. 12] and by the standard representation theorem
of cohomology classes on a Riemann surface [13, III.2], there exists a current
U∗1 ∈ D′(M) and a differential h+, holomorphic on Mq, such that
(7.17′) dU∗1 = −ℜ(h+) + C − dU∗0
in D′(M). Let U∗ := U∗0 + U∗1 ∈ S ′q(M). By (7.17′), the identity (7.16) holds
in S ′q(M). Since C ∈ H−sq (M), ℜ(h+) is smooth on M and Ω1q is dense in
Hsq(M), it follows that dU∗ ∈ H−sq (M). Hence U∗ ∈ H−s+1q (M), and (7.16)
holds in H−sq (M).
Let F := Fq be the horizontal foliation and Σ := Σq be the set of zeroes
of a quadratic differential q ∈ Qκ. We have:
Theorem 7.7. Let BsF (M \ Σ) [BsF (M)] be the vector space of all real
basic currents of order s ∈ N for F|M\Σ [for F ]. There exist exact sequences
(7.18)
0→ R→ Bs−1F (M \ Σ)→ BsF (M \ Σ)→ H1,sF (M \ Σ;R) ,
0→ R→ Bs−1F (M)→ BsF (M)→ H1,sF (M,R) .
Proof. Let δs : Bs−1F (M \Σ)→ BsF (M \Σ) be the map defined as follows:
(7.18′) δs(C) := dU
∗
C , UC := −C ∧ ηT .
The map (7.18′) is well-defined. In fact, if C ∈ Bs−1F (M \ Σ) [C ∈ Bs−1F (M)],
then δs(C) is by definition closed in D′(M \ Σ) [in H−sq (M)). Moreover, by
Lemma 6.5, UC = −C ∧ ηT is a quasi S-invariant [an S-invariant] distribution
of order s − 1, hence ıSdU∗C = LSU∗C = 0. It follows by (6.4) that δs(C) ∈
BsF (M \Σ) [δs(C) ∈ BsF (M)].
The image under δs of Bs−1F (M \ Σ) [of Bs−1F (M)] consists of all basic
currents Cs ∈ BsF (M \ Σ) [Cs ∈ BsF (M)] with vanishing cohomology class. In
fact, by Lemma 7.6, if Cs has vanishing cohomology class, then there exists a
distribution UC of order s− 1 such that dU∗C = Cs in D′(M \Σ) [in H−sq (M)].
Since Cs is a basic current,
(7.19) LSU∗C = ıS(dU∗C) = ıSCs = 0
in D′(M \Σ) [in H−sq (M)]. It follows that UC is a quasi S-invariant distribution
[an S-invariant distribution] of order s−1, hence there exists a current Cs−1 ∈
Bs−1F (M \ Σ) [Cs−1 ∈ Bs−1F (M)] such that UC = −Cs−1 ∧ ηT . By (7.18′),
Cs = δs(C
s−1).
The kernel of δs is given by the one-dimensional space R · ηS , i.e. by
all basic currents which are scalar multiples of the closed 1-form ηS. In
fact, if δs(C) = 0, then the distribution UC := −C ∧ ηT ∈ R · ωq. Since
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C ∈ Bs−1F (M \ Σ) [C ∈ Bs−1F (M)], it follows that C = ıSUC in D′(M \ Σ)
[in H−s+1q (M)], and hence C ∈ R · ηS . Let ıF : R → BF (M \ Σ) be the linear
map given by ıF (1) := ηS . We have proved that the following sequences are
exact:
(7.20)
0→ R−−−→ıF Bs−1F (M \Σ)−−−→δs B
s
F (M \Σ)−−−→jΣ H
1,s
F (M \ Σ;R) ,
0→ R−−−→ıF Bs−1F (M)−−−→δs B
s
F(M)−−−→jΣ
H1,sF (M,R) .
The cohomology maps
(7.20′)
BsF (M \Σ)−−−→jΣ H
1,s
F (M \ Σ) ,
BsF (M)−−−→jΣ H
1,s
F (M) ,
are surjective by definition.
8. The non-uniform hyperbolicity of the Kontsevich-Zorich cocycle
and an application to currents
In Section 8.1 we will describe the invariant unstable and stable sub-
bundles of the Kontsevich-Zorich cocycle in terms of the basic cohomology
of the horizontal and vertical foliations of orientable quadratic differentials.
This result is independent of the proof of the non-uniform hyperbolicity of the
cocycle, concluded in Section 8.2. We then derive in Section 8.3 an Oseledec-
type theorem for the cocycle Gct on the bundle Z1κ(M) of closed currents of
order 1, introduced in Section 8.1.
8.1. The stable and unstable sub-bundles of the Kontsevich-Zorich cocycle
as bundles of basic currents. In Section 7, we have obtained results on the
H−s basic cohomology of measured foliations for s ≫ 1. The stable and
unstable sub-bundles of the Kontsevich-Zorich cocycle are related to the basic
cohomology in the case s = 1.
Let H−1κ (M) := Q
(1)
κ ×H−1(M)/Γg, where the action of the mapping class
group Γg on the product is defined by pull-back on both factors. The mapping
class group is a quotient of the group of orientation-preserving diffeomorphisms
and the action of a diffeomorphism on currents by pull-back is described in [11,
Chap. III, §11] or [56, Chap. IX, §5]. The bundle H−1κ (M) is the bundle of all
distributions of order 1 on M over the stratum M(1)κ of the moduli space. We
introduce a cocycle G0t , over the Teichmu¨ller geodesic flow Gt, defined on the
Hilbert bundle H−1κ (M):
(8.1) G0t := (Gt × id)/Γg on H−1κ (M) :=
(
Q(1)κ ×H−1(M)
)
/Γg .
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We also introduce a cocycle Gct over the Teichmu¨ller flow, defined on the Hilbert
bundle H−1κ (M) of H−1 currents over the stratumM(1)κ . The fiber of the pull-
back of the bundle H−1κ (M) to the stratum Q(1)κ of the Teichmu¨ller space will
be isomorphic by definition to the vector space H−1q (M) at any q ∈ Q(1)κ .
Since the weighted Sobolev space of 1-forms H1q(M) can be identified, by its
definition (6.12), with the tensor product R2⊗H1(M), the dual space H−1q (M)
can be identified with the tensor product R2 ⊗H−1(M). Let
(8.2) Gct := diag(e
−t, et)⊗G0t on H−1κ (M) := R2 ⊗H−1κ (M) .
The cocycle Gct can be described as the cocycle obtained by parallel transport
of currents, with respect to the trivial connection, along the orbits of the
Teichmu¨ller flow. In fact, by the formulas (2.7) describing the Teichmu¨ller
flow Gt on Q
(1)
κ , we have:
(8.2′) Gct |H−1q (M) ≡ id : H−1q (M)→H−1Gt(q)(M) .
Let Z1κ(M) ⊂ H−1κ (M) be the infinite-dimensional sub-bundle over M(1)κ with
fiber at q ∈ M(1)κ given by the vector space of closed currents of order 1:
(8.3) Z1q (M) := Z ′q(M) ∩H−1q (M) .
The sub-bundle Z1κ(M) is Gct -invariant and the cocycle induced by Gct on the
H−1 de Rham cohomology bundle is isomorphic to the Kontsevich-Zorich co-
cycle. The latter is the essential motivation for the formulas (8.1) and (8.2)
which define, respectively, the cocycles G0t and G
c
t . Let
(8.3′) jκ : Z1κ(M)→H1κ(M,R)
be the natural bundle map, given fiber-wise by (6.2′), onto the cohomology
bundle H1κ(M,R) (defined in §1).
Let B1κ,±(M) ⊂ Z1κ(M) be the sub-bundles with fiber at q ∈ M(1)κ given by
the vector spaces B1±q(M) of F±q-basic currents of order 1, defined by (6.12′).
Let
(8.4) B1κ(M) := B1κ,+(M) + B1κ,−(M) .
Lemma 8.1. Let µ be any Borel probability ergodic invariant measure for
the Teichmu¨ller flow on a stratum M(1)κ , with the property that the conditional
measures induced by µ on the orbits of the action of the circle group S(2,R) on
M(1)κ are absolutely continuous with respect to the (Haar) Lebesgue measure.
(1) The identity jκ ◦Gct = GKZt ◦ jκ holds on Z1κ(M).
(2) The sub-bundles B1κ,±(M) ⊂ Z ′κ(M) are Gct -invariant, µ-measurable and
have µ-almost everywhere constant (finite) rank .
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(3) The cocycle Gct has µ-almost everywhere strictly positive [strictly negative]
Lyapunov spectrum on the invariant sub-bundle B1κ,+(M) [B1κ,−(M)].
(4) The splitting (8.4) is direct and the restriction of the map jκ to the sub-
bundle B1κ(M) is µ-almost everywhere injective.
Proof. (1) It can be directly derived from the definition of the cocycles
GKZt , G
c
t and of the cohomology map jκ.
(2) The Gct -invariance of the sub-bundles B1κ,±(M) follows immediately
from the definitions. We will write down in detail the proof of the measura-
bility of the bundle B1κ,+(M). In fact, since B1−q(M) = B1r(q)(M), where the
diffeomorphism r : M(1)κ → M(1)κ is given by the action of the counterclock-
wise rotation of a right angle, the measurability of B1κ,−(M) then follows. By
Lemma 6.6, the measurability of B1κ,+(M) can be reduced to the measurability
of the bundle I1κ(M) with fiber at q ∈ M(1)κ given by the vector space I1q (M)
of S-invariant distributions of order 1. Let
(8.5) R1q(S) := {Sv | v ∈ H2q (M)} ⊂ H1(M) .
We claim that any q0 ∈ M(1)κ has a neighborhood U0 such that the following
holds. There exists a basis V(q) := {vk(q)}, k ∈ N, of the vector space H2q (M)
with the property that, for all k ∈ N, the mappings q → Svk(q) ∈ H1(M)
are continuous on U0. In fact, there exists a neighbourhood Û0 of q0 in the
space of quadratic differentials with the prescribed pattern of zeroes, endowed
with the smooth topology, such that the following holds. Let Σ0 be the set of
zeroes of q0. There exists on Û0 a continuous mapping q → φq ∈ Diff+0 (M)
such that the set of zeroes Σqˆ of the quadratic differential qˆ := φ
∗
q(q) coincides
with Σ0 and qˆ ≡ q0 in a neighbourhood of Σ0. By definition, the quadratic
differentials q and qˆ yield the same point in Teichmu¨ller space. The weighted
Sobolev spaces Hsqˆ (M) ≡ Hsq0(M) (although they do not coincide as Hilbert
spaces). Let V0 := {vk}, k ∈ N, be any basis of H2q0(M) and let V(q) :=
{vk(q)}, where vk(q) := vk ◦ φ−1q , for all k ∈ N. Then V(q) is a basis of
H2q (M) and the mappings q → Svk(q) ∈ H1(M) are continuous on Û0. Let
U0 := Û0/Diff+(M) ⊂M(1)κ . The claim is therefore proved.
Let v0 ≡ 1 in the choice of the basis ν0. Let then W(q) = {wk(q)} be
the orthonormal system in the Hilbert space H1q (M) constructed by apply-
ing the Gram-Schmidt orthonormalization procedure to the system {Svk | k ∈
N \ {0}} ⊂ R1q(S). The system W(q) is well-defined at all q ∈ U0 such that Fq
is quasi-minimal, since in that case the system {Svk | k ∈ N \ {0}} is linearly
independent. The subset of quadratic differentials with quasi-minimal horizon-
tal foliation has full measure with respect to any Borel measure µ with purely
continuous conditional measures on µ-almost every orbit of the circle group.
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In fact, for any given q, the subset of the orbit SO(2,R) · q of the circle qroup
with non-quasi-minimal horizontal foliation is countable as a consequence of
the structure theorem for measured foliations (or area-preserving vector fields)
on closed orientable surfaces [29], [77], [47, Th. 3.1.7]. It follows that W(q)
is well-defined and the maps q → wk(q) ∈ H1(M) are continuous µ-almost
everywhere. The orthogonal projection πq : H
1
q (M)→ R1q(S)⊥, can be written
as
(8.6) πq(v) = v −
∞∑
k=1
(
v,wk(q)
)
1
wk(q) , v ∈ H1(M) ,
where (·, ·)1 is the inner product in H1q (M). The subspace R1q(S)⊥ depends
measurably on q ∈ U0, since by (8.6) the orthogonal projection πq does. The
space of continuous linear functionals on H1(M) vanishing on the closure of the
subspace R1q(S) is by definition the space I1q (M) of S-invariant distributions of
order 1. Since, by Lemma 6.4, the vector space B1q(M) is canonically identified
with I1q (M), the map q → B1q(M) is µ-measurable.
The almost everywhere finite dimensionality of B1±q(M) is a consequence
of the injectivity of the cohomology map jq : B1±q(M) → H1(M,R). By The-
orem 7.7, if C+ ∈ B1q(M) [C− ∈ B1−q(M)] and jq(C±) = 0, then there exists
U± ∈ L2q(M) such that SU+ = 0 [TU− = 0] and dU± = C±. Since, by [35,
Th. 2], Fq [F−q] is ergodic for µ-almost all q ∈ M(1)κ , it follows that jq(C±) = 0
implies C± = 0 µ-almost everywhere. Moreover, the dimension of B1±q(M) is
µ-almost everywhere constant by its invariance under the Teichmu¨ller flow Gt
and the ergodicity of the system (Gt, µ).
(3) The argument is based on the construction of appropriate infinitesimal
Lyapunov functions in the sense of [31]. Let q ∈ M(1)κ , C± ∈ B1±q(M). Let
D± ∈ H−1q (M), U± ∈ L2q(M) and A± ∈ R be defined as follows:
(8.7)
C+ ∧ ηT := D+ = ∂+q U+ +A+ , U+ ⊥M+q ,
C− ∧ ηS := D− = ∂−q U− +A− , U− ⊥M−q ,
where A± = D±(1) and U± ∈ L2q(M) are uniquely determined by the or-
thogonality conditions to the kernels M±q ⊂ L2q(M) of the Cauchy-Riemann
operators (consisting of meromorphic, respectively anti-meromorphic, func-
tions). The existence of the functions U± ∈ L2q(M) is given by the existence
of distributional solutions of the equations ∂±U = D whenever D ∈ H−1q (M)
and D(1) = 0 (Lemma 7.3 or [18, Prop. 4.6A]). Let L± : B1κ,± → R be the
non-negative functions defined by
(8.7′) L±q (C±) := |U±|20 + (A±)2 .
Since the right-hand side of (8.7′) is invariant under the action of the mapping
class group Γg, it defines a function on the measurable bundle B1κ,±(M). The
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functions L± are measurable, since they extend to continuous functions on the
smooth bundle H−1κ (M) with fiber H−1q (M) at all q ∈ M(1)κ and B1κ,±(M) are
measurable sub-bundles by (2). In addition, L±q (·) are continuous functions,
homogeneous of degree 2 on each fiber and strictly positive on all non-zero
C± ∈ B1±q(M). We claim that the function L+ [L−] is strictly increasing
[decreasing] along the forward orbits of the cocycle Gct if the horizontal foliation
Fq [the vertical foliation F−q] is quasi -minimal.
By the formulas (2.7), (2.7′), which describe the evolution of a quadratic
differential q and of the corresponding Cauchy-Riemann operators ∂±q under
the Teichmu¨ller flow Gt on Q
(1)
κ , and by the definition of Gct , we have:
(8.8)
D+t = C+ ∧ ηT (t) = et C+ ∧ ηT = etD+0 ,
D−t = C− ∧ ηS(t) = e−t C− ∧ ηS = e−tD−0 .
Let qt := Gt(q) and M±t := N(∂±t ) ⊂ L2q(M), where ∂±t = ∂±q at q = qt. Let
V ±t ∈ L2q(M) be the unique solutions of the equations
(8.9) D±0 = ∂±t V ±t +A±0 , V ±t ⊥M±t .
We have
(8.10) D±t = e±tD±0 = e±t{∂±t V ±t +A±0 } = ∂±t U±t +A±t ,
where U±t := e
±tV ±t and A
±
t := D±t (1). It follows finally from (8.7)–(8.10)
that
(8.11) L± ◦Gct(C±) = e±2t{|V ±t |20 + (A±0 )2} .
Let π±t : L
2
q(M)→M±t be the orthogonal projections. We claim that V ±t
is a solution of the following O.D.E. in L2q(M):
(8.12)
u±t = ∂
±
t v
±
t + π
∓
t (u
±
t ) ,
d
dt
u±t = ∂
∓
t v
±
t −M±t (u±t ) ,
where M±t := M
±
q , at q = qt, and M
±
q : L
2
q(M) →M±q is the linear operator
defined as follows. Let {m±1 , . . . ,m±g } be an orthonormal basis of M±q ⊂
L2q(M). Let m
±
i = ∂
±v±i +π
∓
q (m
±
i ) be the decompositions of the functions m
±
i
according to the splitting (2.3). Then
(8.12′) M±q (u) :=
g∑
i=1
(u, ∂±v±i )qm
±
i .
The equation (8.12) yields, as (2.12), an O.D.E. of the form u′ = F (u, t) in the
Banach space L2q(M). In fact, its first line is just the Hilbert space orthogonal
decomposition according to the splitting (2.3). Hence F (t, u) is smooth and
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linear in the second variable. By the standard theorems on O.D.E.’s in Banach
spaces [40, Chap. IV] the Cauchy problem for (8.12) has (locally) a unique
solution for any initial data.
By the variational formulas (2.10) for the Cauchy-Riemann operators,
any solution u±t of (8.12) satisfies the identity
d
dt(∂
±
t u
±
t ) ≡ 0 (no matter how
the operator M±q is defined) and, by the choice (8.12
′) of M±q , u
±
t ⊥ M±t .
It follows that V ±t is the unique solution u
±
t of (8.12) satisfying the initial
condition u±0 = V
±
0 .
Let u±t be any solution of (8.12). Since u
±
t ⊥ M±t , by (2.3) there exists
a unique zero average function w±t ∈ H1(M) such that u±t = ∂∓t w±t . We
claim that, if ∂±q u
±
0 is a real-valued distribution, then w
±
t is real-valued for all
t ∈ R. In fact, ∂±t u±t ≡ ∂±q u±0 , which is real-valued, and ∂±t u±t = △tw±t , where
△t := ∂+t ∂−t is the Laplace operator of the metric Rt induced by the quadratic
differential qt = Gt(q). Since the Laplacian is a real operator, it suffices to
show that, for any q ∈ Q(1)κ , the unique zero average solution w0 ∈ H1q (M)
of the equation △qw0 = 0 is w0 ≡ 0. In fact, |∂+q w0|20 = −(△qw0, w0) = 0,
hence w0 is a meromorphic function in H
1
q (M), that is, by [18, Prop. 3.2], a
constant function. The zero average condition then implies w0 ≡ 0. We can
then compute:
(8.13)
d
dt
|u±t |20 =2ℜ (u±t ,
d
dt
u±t )q = 2ℜ (∂∓t w±t , ∂∓t v±t )q
=2ℜ (∂±t w±t , ∂±t v±t )q = 2ℜ (∂±t w±t , ∂∓t w±t )q
=2ℜ{|Stw±t |20 − |Ttw±t |20 ± 2i(Stw±t , Ttw±t )q}
=2{2|Stw±t |20 − |u±t |20} = 2{|u±t |20 − 2|Ttw±t |20} .
We have exploited the fact that, since w±t is real-valued, (Stw
±
t , Ttw
±
t )q ∈ R.
In addition, if ∂±q u0 6= 0 and Fq [F−q] is quasi-minimal; then Stw±t 6= 0
[Ttw
±
t 6= 0]. In fact, otherwise, by the quasi-minimality property, w±t = 0
hence ut = 0 and ∂
±u±0 ≡ ∂±t u±t = 0.
Since the functions V ±t satisfy (8.12), we have by (8.11) and (8.13):
(8.13′)
d
dt
L+ ◦Gct(C+) = e2t{4|Stw+t |20 + 2(A+0 )2} > 0 ,
d
dt
L− ◦Gct(C−) = −e−2t{4|Ttw−t |20 + 2(A−0 )2} < 0 .
We have therefore constructed an infinitesimal Lyapunov function L+ [L−]
on the finite-dimensional measurable bundle B1κ,+(M) [B1κ,−(M)], strictly in-
creasing [decreasing] along the Teichmu¨ller orbit Gt(q), for all q ∈ M(1)κ with
quasi-minimal horizontal [vertical] foliation. The set of q ∈ M(1)κ with quasi-
minimal horizontal and vertical foliations has full µ-measure. In fact, by the
structure theorem for measured foliations (or area-preserving vector fields) on
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closed orientable surfaces, for any orbit of the circle group on M(1)κ the sub-
set of quadratic differentials q with non-quasi-minimal horizontal or vertical
foliation is countable [29], [77], [47, Th. 3.1.7]. Since, by the definition (8.7′),
L±(C±) > 0 if C± ∈ B1κ,± \ {0}, by [31, Th. 2.1], the Lyapunov exponents of
the cocycle Gct restricted to the invariant bundle B1κ,+(M) [B1κ,−(M)] are all
strictly positive [strictly negative] µ-almost everywhere.
(4) Let q ∈M(1)κ be a quadratic differential with quasi-minimal horizontal
and vertical foliations. Let C± ∈ B1±q(M) be such that jq(C+ + C−) = 0.
Then the cohomology class c = jq(C
+) = −jq(C−) ∈ H1(Mq,R) belongs
by (1) and (3) to both the stable and the unstable invariant bundle of the
Kontsevich-Zorich cocycle, hence c = 0. By the injectivity of the cohomology
map jκ on B1κ,±(M) (proved above), it follows that C+ = C− = 0. We have
therefore proved that B1q(M) ∩ B1−q(M) = {0} and that jκ is injective on
B1q(M)⊕ B1−q(M), for µ-almost all q ∈ M(1)κ .
By Lemma 8.1 every cohomology class c ∈ H1(Mq,R), which can be
represented by a current of order 1, basic for the horizontal [vertical] foliation
of a ‘generic’ quadratic differential q ∈ M(1)κ , belongs to the unstable [stable]
invariant sub-bundle of the Kontsevich-Zorich cocycle. In the remaining part
of this section we will prove the converse statement. The argument is based on
the geometric estimate of the Poincare´ constant obtained in Lemma 6.9 and
on the logarithmic law for geodesics in the moduli space due to H. Masur [44].
Let E+q [E
−
q ] ⊂ H1(Mq,R) be the (Lagrangian) subspaces corresponding
to the subset of strictly positive [strictly negative] Lyapunov exponents in
the Oseledec’s decomposition of the Kontsevich-Zorich cocycle at an Oseledec
regular point q ∈ M(1)κ . By Oseledec’s theorem [49], [32, Th. S.2.9] the set
of regular points has full measure with respect to any ergodic Gt-invariant
measure µ on M(1)κ .
Lemma 8.2. Let µ be any ergodic Gt-invariant measure with the property
that the conditional measures induced by µ on the orbits of the circle action
are absolutely continuous. For µ-almost all q ∈ M(1)κ , every cohomology class
c± ∈ E±q can be represented by a current C± ∈ B1±q(M). In addition, the fol-
lowing estimates holds. There exists a µ-measurable function K :M(1)κ → R+
such that, if c ∈ E+q ⊕ E−q has the harmonic representation c = [ℜ (m+q1/2)],
m+ ∈ M+q , then for a unique current C ∈ B1+q(M) ⊕ B1−q(M) and a unique
zero average function U ∈ L2q(M) we have:
(8.14)
dU = C − ℜ (m+q1/2) ,
|U |0 ≤ K(q)||c||q ,
where ||c||q is the Hodge norm of c ∈ H1(Mq,R).
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Proof. Let q ∈ M(1)κ be a regular point of the Kontsevich-Zorich cocy-
cle, c = c+q (m
+) ∈ E+q [E−q ], where m+ ∈ M+q is a meromorphic function and
c+q :M+q → H1(M,R) is the isomorphism given by (2.4). By (2.5) the Hodge
norm ||c||q = |m+|0. Let ct := GKZt (c) = [ℜ(m+t q1/2t )], where m+t ∈ M+t , the
space of meromorphic functions with respect to the complex structure deter-
mined by the quadratic differential qt = Gt(q). Since the L
2
q norm is invariant
under the Teichmu¨ller flow, there exist a µ-measurable function K1(q) > 0 and
an exponent 0 < λ < 1 such that, if c ∈ E+q [c ∈ E−q ],
(8.15) ||c||qt = |m+t |0 ≤ K1(q)|m+|0 exp(−λ|t|) , t ≤ 0 [t ≥ 0] .
Let Ut ∈ L2q(M) be the unique function with zero average satisfying
(8.16) dUt = ct − c = ℜ (m+t q1/2t ) − ℜ (m+q1/2) .
By (2.12), (2.13) there exists a smooth one-parameter family of functions
vt ∈ H1(M) such that the function Ut satisfies the following Cauchy prob-
lem in L2q(M):
(8.16′)
d
dt
Ut = 2ℜ (vt) ,
U0 = 0 .
If vt is chosen with zero average, since by definition the Dirichlet formQ(v, v) =
|∂±q v|20 for any orientable quadratic differential, by the Poincare´ inequality
(Lemma 6.9) and by the orthogonality of the decomposition in the first line of
(2.12),
(8.17) |vt|0 ≤ Kg,σ||qt||−1|∂+t vt|0 ≤ Kg,σ||qt||−1|m+t |0 ,
where ||qt|| denotes the length of the shortest segment with endpoints in the
set of zeroes of the quadratic differential qt with respect to the induced metric.
By (8.16′) and (8.17), there exists a measurable function K2(q) > 0 such that,
if c ∈ E+q [c ∈ E−q ],
(8.18)
∣∣∣∣ ddtUt
∣∣∣∣
0
≤ 2|vt|0 ≤ K2(q) |m+|0 ||qt||−1 exp(−λ|t|) , t ≤ 0 [t ≥ 0] .
Since U0 = 0, by Minkowski’s integral inequality, (8.18) implies the following
estimate:
(8.18′) |Ut|0 ≤ K2(q)|m+|0
∣∣∣∣∫ t
0
e−λ|s|||qs||−1 ds
∣∣∣∣ , t ≤ 0 [t ≥ 0] .
We claim that the integral in (8.18′) converges as t→ −∞ [t→ +∞]. In [44]
H. Masur proved a logarithmic law for the Teichmu¨ller geodesic flow on the
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moduli space. The following estimate is the simplest step of Masur’s argument
[44, Prop. 1.2]:
(8.19) lim sup
t→±∞
− log ||qt||
log |t| ≤
1
2
,
The statement holds for µ-almost all quadratic differentials q ∈ M(1)κ . It follows
that our claim concerning (8.18′) holds µ-almost everywhere. An alternative
proof of the µ-almost everywhere convergence of the integral in (8.18′) can be
derived from a recent result of A. Eskin and H. Masur [12, Lemma 5.4], which
strengthens a previous result by W. Veech [68, Th. 0.2], [69, Corollary 2.8], by
applying integration by parts and Birkhoff’s ergodic theorem. By (8.18′) and
(8.19), there exists a µ-measurable function K3(q) > 0 such that, if c ∈ E+q
[c ∈ E−q ],
(8.20) |Ut|0 ≤ K3(q)||c||q , t ≤ 0 [t ≥ 0] .
Let U ∈ L2q(M) be any weak limit of Ut as t→ −∞ [t→ +∞], which exists by
(8.20) since all bounded subsets of the Hilbert space L2q(M) are sequentially
weakly compact. By contraction in (8.16),
(8.21)
SUt = −ℜ (m+) + etℜ (m+t ) , t ≤ 0 ,
[TUt = ℑ (m+) − e−tℑ (m+t ) , t ≥ 0] ,
then by taking the limit as t→ −∞ [t→ +∞],
(8.21′)
SU = −ℜ (m+) ,
[TU = ℑ (m+)] .
The identities (8.21′) hold in the distributional space H−1q (M). It follows that
the current C ∈ H−1q (M) determined by the identity
(8.22) dU = C − ℜ (m+q1/2)
is a basic current of order 1 for the horizontal foliation Fq [for the vertical
foliation F−q], representing the cohomology class c ∈ E+q [c ∈ E−q ]. In fact, by
(8.21′) and its definition (8.22), the current C is closed and ıSC = 0 [ıTC = 0].
Hence, by (6.4), LSC = 0 [LTC = 0]. If the horizontal foliation Fq [the vertical
foliation F−q] is ergodic (a property which holds for µ-almost all q ∈ M(1)κ [35,
Th. 2]) the limit function U ∈ L2q(M) is uniquely determined by (8.21′) and
by the zero average condition. In addition, by (8.20), U satisfies the estimate
in (8.14).
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Since any cohomology class c ∈ E+q ⊕ E−q can be split as c = c+ + c−,
where c± ∈ E±q and ||c±||q ≤ δ(q)||c||q , where δ(q) > 0 is the distorsion (in the
sense of [41, p. 269]) of the splitting E+q ⊕ E−q , the cohomology map
(8.23) jq : B1q(M)⊕ B1−q(M) → E+q ⊕ E−q
is surjective and the estimate (8.14) holds, for µ-almost all q ∈ M(1)κ . The map
(8.23) was proved to be µ-almost everywhere injective in Lemma 8.1, (4).
Remark 8.2′. Lemma 8.2 can be viewed as a regularity result. In fact,
by Theorem 7.1(i), for almost all q ∈ M(1)κ , every cohomology class c ∈ Hq :=
{c ∈ H1(Mq,R) | c ∧ [ℑ(q1/2)] = 0}, can be represented by a basic current
C ∈ Bq(M) of finite order l > 1. The subspace Hq has codimension 1, hence it
has dimension 2g − 1. By Lemma 8.2 and Theorem 8.5 below, if c belongs to
a Lagrangian subspace E+q ⊂ Hq (which has dimension equal to g ≥ 2), then
C actually has order 1.
We can finally derive from Lemma 8.1 and Lemma 8.2 the following charac-
terization of the invariant unstable [stable] bundle E+κ [E
−
κ ] of the Kontsevich-
Zorich cocycle on any stratum M(1)κ .
Theorem 8.3. Let µ be any ergodic Gt-invariant Borel probability mea-
sure on M(1)κ with the property that the conditional measures induced on the
orbits of the circle action are absolutely continuous. The invariant unstable
[stable] sub-bundle of the Kontsevich-Zorich cocycle coincides µ-almost every-
where with the bundle of H−1 basic cohomologies for the horizontal [vertical ]
foliation of quadratic differentials:
(8.24)
E+κ = jκ
(B1κ,+(M)) := H1,1κ,+(M,R) ,
E−κ = jκ
(B1κ,−(M)) := H1,1κ,−(M,R) .
Theorem 8.3 implies that the unstable subspace E+q [the stable subspace
E−q ] depends locally only on the fundamental class of the horizontal measured
foliation Fq [of the vertical measured foliation F−q], a property conjectured in
[38, Th. p. 8, (3)]. In fact, by Lemma 6.8 and Theorem 8.3, we have:
Corollary 8.3′. For almost all (regular) points q0 ∈ M(1)κ of the Kont-
sevich-Zorich coycle, there exists a neighbourhood U0 ⊂M(1)κ with the property
that q0 ∈ U0 and, for almost all (regular) points q ∈ U0,
(8.25)
[ℑ(q1/2)] = [ℑ(q1/20 )] ∈ H1(M,Σκ,R) =⇒ E+q = E+0 ,
[ℜ(q1/2)] = [ℜ(q1/20 )] ∈ H1(M,Σκ,R) =⇒ E−q = E−0 ,
where E±q [E
±
0 ] denotes the invariant unstable, respectively stable, subspace of
the Kontsevich-Zorich cocycle at q [q0].
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8.2. The Kontsevich-Zorich cocycle is non-uniformly hyperbolic.
Lemma 8.4. The set of quadratic differentials q0 having the following
properties is dense in M(1)κ :
(1) The horizontal foliation Fq0 is Lagrangian (Definition 4.3);
(2) Any neighbourhood U (1)κ ⊂M(1)κ of q0 contains a compact positive measure
set P(1)κ such that
(a) all q ∈ P(1)κ are Birkhoff generic points for the Teichmu¨ller flow and
Oseledec regular points for the Kontsevich-Zorich cocycle;
(b) the stable and the unstable subspace E±q of the Kontsevich-Zorich
cocycle depend continuously on q ∈ P(1)κ ;
(c) the Poincare´ dual P (L0) of the Lagrangian subspace L0 := L(Fq0),
generated by the regular trajectories of Fq0 , is transverse to E−q for
all q ∈ P(1)κ .
Proof. Let Fκ(M) be the set of all isotopy equivalence classes of ori-
entable measured foliations F on M with a finite set of canonical saddle-like
singularities of multiplicities κ := (k1, . . . , kσ). Let F ′κ(M) ⊂ Fκ(M) be the
subset given by the measured foliations F such that there exists q ∈ Qκ with
Fq = F (or F−q = F). The space Qκ has locally a product structure mod-
eled on F ′κ(M) × F ′κ(M). Let Uκ = U+κ × U−κ , U±κ ⊂ F ′κ(M), be any open
subset of Qκ having a product structure. By Luzin’s theorem, there exists a
compact set of positive measure P−κ ⊂ U−κ such that the basic cohomology
map F → H1,1F (M,R) is continuous on P−κ . Let F−0 be a density point of P−κ
and let E−0 = H
1,1
F−0
(M,R). By Lemma 4.4, there exists a Lagrangian folia-
tion F+0 ∈ U+κ such that the Poincare´ dual P (L0) of the Lagrangian subspace
L0 := L(F+0 ) is transverse to E−0 . Let q0 ∈ R+ · Uκ be the quadratic differ-
ential uniquely defined by the condition (Fq
0
,F−q
0
) ∈ R+ · (F+0 ,F−0 ) and the
condition that the total area A(q0) = 1.
Let U (1)κ ⊂ M(1)κ be a neighbourhood of q0. By construction and The-
orem 8.3, the map q → E−q is defined and continuous on a positive measure
subset of U (1)κ having density 1 at q0 and the subspace P (L0) is transverse to
E−q0 . Hence, by Birkhoff’s ergodic theorem, Oseledec’s theorem and Luzin’s the-
orem, there exists a compact set of positive measure P(1)κ ⊂ U (1)κ , consisting of
quadratic differentials that are Birkhoff generic points for the Teichmu¨ller flow
and Oseledec regular points for the Kontsevich-Zorich coycle, such that the
maps q → E±q are continuous and P (L0) is transverse to E−q , for all q ∈ P(1)κ .
Theorem 8.5. The Kontsevich-Zorich cocycle is non-uniformly hyper-
bolic on every connected component C(1)κ of a stratum M(1)κ . In fact, the Lya-
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punov exponents of the normalized restriction of the absolutely continuous in-
variant measure µ
(1)
κ to C(1)κ form a symmetric subset of the real line and satisfy
the following inequalities:
(8.26)
1 = λ1 > λ2 ≥ · · · ≥ λg > 0 > λg+1 = −λg ≥ · · ·
· · · ≥ λ2g−1 = −λ2 > λ2g = −λ1 = −1 .
Proof. The argument will proceed by contradiction. If (8.26) does not hold
on a connected component C(1)κ ⊂ M(1)κ , there exists a natural number k < g
such that λk 6= 0 and λk+1 = 0. Let E+k ⊂ H1κ(M,R) be the k-dimensional
unstable invariant sub-bundle of the Kontsevich-Zorich cocycle, which corre-
sponds to the set of strictly positive Lyapunov exponents {λ1, . . . , λk} in the
Oseledec’s decomposition. By Corollary 5.3 and 5.5, the function Φk defined
by (5.7) satisfies, for µ
(1)
κ -almost all q ∈ C(1)κ , the following identity:
(8.27) Φk
(
q,E+k (q)
) ≡ Λ1(q) + · · ·+ Λg(q) .
Let {c1, . . . , cg} ⊂ H1(Mq,R) be any orthonormal system, with respect to the
Hodge norm, such that {c1, . . . , ck} is a basis of E+k (q) and let ci = [ℜ(m+i q1/2)]
be the harmonic representation (2.4). By formulas (2) and (3) in Lemma 5.2′,
(8.27) implies that
(8.27′) Bq(m
+
i ,m
+
j ) = 0 , k + 1 ≤ i, j ≤ g .
The argument will therefore be concluded by the construction of a subset of the
connected component C(1)κ with positive measure (with respect to the measure
µ
(1)
κ ) where (8.27′) does not hold.
We claim that there exists a compact set of positive measure P(1)κ ⊂ C(1)κ
with the following properties:
(1) All q ∈ P(1)κ are Oseledec regular points, hence the unstable subspace
E+k (q) ⊂ H1(M,R) is defined and it is a k-dimensional (isotropic) sub-
space. The mapping q → E+k (q) ⊂ H1(M,R) is continuous on P(1)κ .
(2) For any ε > 0, the flat structure induced by q ∈ P(1)κ , that is the flat
Riemannian surface with singularities (M,Rq), contains g ≥ 2 embedded
metric cylinders Aε1, . . . , A
ε
g (in the sense of the Definition in [45, p. 457])
with non-horizontal waist curves γε1, . . . , γ
ε
g such that M \ ∪{γε1, . . . , γεg}
is homeomorphic to a sphere minus 2g disjoint disks and
(8.28) dq
(
E+k (q), P (Γ
ε)
)
< ε ,
where P (Γε) ⊂ H1(M,R) is the Poincare´ dual of the (Lagrangian) sub-
space Γε ⊂ H1(M,R) generated by the homology classes of the waist
curves γε1, . . . , γ
ε
g and dq denotes the metric induced on the Grassmannian
by the Hodge inner product on H1(Mq,R).
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Let q0 ∈ C(1)κ a quadratic differential with the properties listed in the
statement of Lemma 8.4. The existence of such a differential in every connected
component ofM(1)κ follows immediately from the density property asserted by
the lemma. Since the horizontal foliation Fq0 is Lagrangian, the flat structure
induced by q0 contains at least g ≥ 2 flat horizontal cylinders with waist curves
γ1(q0), . . . , γg(q0) which generate a Lagrangian subspace L0 ⊂ H1(Mq0 ,R).
There exists a neighbourhood U (1)κ ⊂ C(1)κ of q0 such that any q ∈ U (1)κ has g ≥ 2
distinct closed (possibly non-horizontal) regular trajectories γ1(q), . . . , γg(q),
isotopic respectively to γ1(q0), . . . , γg(q0). Let P(1)κ ⊂ U (1)κ be a compact set of
positive measure with the properties listed in Lemma 8.4.
Let q ∈ P(1)κ and let T < 0 be a backward return time of the Teichmu¨ller
orbit Gt(q) to the compact set of positive measure P(1)κ . The quadratic dif-
ferential qT := GT (q) has therefore g ≥ 2 closed non-horizontal regular tra-
jectories γ1(qT ), . . . , γg(qT ) which generate in the homology vector space the
Lagrangian plane L0 with Poincare´ dual P (L0) transverse to E−(qT ). Let
ΓT ⊂ H1(Mq,Z) be the Lagrangian subspace generated by the homology
classes of the closed non-horizontal regular q-trajectories γT1 (q), . . . , γ
T
g (q),
obtained from γ1(qT ), . . . , γg(qT ) by pull-back under the Teichmu¨ller map
fT : (M, q) → (M, qT ). Let P (ΓT ) ⊂ H1(Mq,R) be the Poincare´ dual of
the subspace ΓT . By definition of the Kontsevich-Zorich cocycle, P (ΓT ) =
GKZ−T
(
P (L0)
)
. Since P (L0) is transverse to E−(qT ), by the Oseledec’s theorem,
for any ε > 0 there exists Tε < 0 such that, if the return time T < Tε, then the
Lagrangian subspace P (Γε) := P (ΓT ) satisfies the estimate (8.28). We there-
fore choose a return time T < Tε and let {γε1 , . . . , γεg} := {γT1 (q), . . . , γTg (q)}.
The embedded metric cylinders Aε1, . . . , A
ε
g are then determined by the closed
regular non-horizontal q-trajectories γε1, . . . , γ
ε
g . We have thus constructed a
compact set of positive measure P(1)κ ⊂ C(1)κ with the required properties.
Let {γ1, . . . , γg} be a set of disjoint simple closed curves on M such that
M \{γ1, . . . , γg} is homeomorphic to a sphere minus 2g disjoint (paired) disks.
Let Uκ(γ1, . . . , γg) be the open set of quadratic differentials q ∈ Qκ having
closed regular non-horizontal trajectories γ1(q), . . . , γg(q) isotopic respectively
to γ1, . . . , γg. We will construct a smooth deformation
(8.29) Ψ : (0, 1]g × Uκ(γ1, . . . , γg)→ Uκ(γ1, . . . , γg)
having the properties listed below. Let qt := Ψt(q), t = (t1, . . . , tg) ∈ (0, 1]g ,
then
(1) if ti = 1 for all i = 1, . . . , g, then qt = q.
(2) if ti → 0 for all i = 1, . . . , g, then the Riemann surface carrying qt
converges to a Riemann surface with nodes, pinched along the curves
γ1, . . . , γg, hence qt converges in the moduli space Mg to a quadratic
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differential q0 ∈ Sg, the boundary component of the moduli space Mg
consisting of regular quadratic differentials on the Riemann sphere with
2g paired punctures, having poles of order 2 at all punctures (considered
in §4).
(3) the zero set of qt coincides with the zero set Σq of q for all t ∈ (0, 1]g and
the cohomology class [ℑ(q1/2t )] = [ℑ(q1/2)] ∈ H1(M,Σq,R).
We will construct Ψt(q) as a composition of deformations Ψ
(i)
t , i =
1, . . . , g, pinching along γi. Let q ∈ Uκ(γ1, . . . , γg) and let θi ∈ (0, π) be
the angle between the oriented horizontal foliation Fq and the closed regular
oriented trajectory γi(q), isotopic to γi. Let H
+
s , s ∈ R, be the horocycle flow
on Qg, given by the action of the one-parameter subgroup of SL(2,R)
(8.30) H+s :=
[
1 s
0 1
]
.
Let si := cot θi ∈ R. Then the horizontal foliation of the quadratic differ-
ential H+−si(q) ∈ Qκ coincides with Fq and γi(q) is a closed regular vertical
trajectory of H+−si(q). In addition, since the set of closed regular trajecto-
ries is invariant under the horocycle action, H+−si(q) ∈ Uκ(γ1, . . . , γg). Let
Vκ(γi) ⊂ Uκ(γ1, . . . , γg) be the set of quadratic differentials having a closed reg-
ular vertical trajectory γi(q) isotopic to γi defined in the proof of Lemma 4.4
′
and let Φ(i) : (0, 1]×Vκ(γi)→ Vκ(γi) be the deformation defined by the identity
(a) in (4.31). We then define:
(8.31)
(a) Ψ
(i)
ti
(q) := H+si ◦Φ
(i)
ti
◦H+−si(q) , (ti, q) ∈ (0, 1] × Uκ(γ1, . . . , γg) ,
(b) Ψt(q) := Ψ
(1)
t1 ◦ · · · ◦Ψ
(g)
tg (q) , (t, q) ∈ (0, 1]g × Uκ(γ1, . . . , γg) .
It can be checked that the pinching deformation Ψ : (0, 1]g ×Uκ(γ1, . . . , γg)→
Uκ(γ1, . . . , γg) is well-defined and has the required properties. In fact, by con-
struction, if q ∈ Uκ(γ1, . . . , γg) and θj ∈ (0, π) is the oriented angle of the
oriented horizontal foliation Fq and the closed regular non-horizontal oriented
q-trajectory γj(q), then θj is preserved by the deformation Ψ
(i)
ti
(q), i, j =
1, . . . , g. Hence, the composition in (b) is well-defined. The properties (1) and
(2) hold by the definition (8.31) and by the corresponding properties of the
deformations Φ
(i)
ti
. By its construction, in the proof of Lemma 4.4′, Φ
(i)
ti
(q) = q,
if ti = 1, and Φ
(i)
ti
(q) converges in the compactified moduli space as ti → 0, to
a regular quadratic differential with 2 paired poles of order 2 and real strictly
positive residues on a Riemann surface of genus g−1 with 2 punctures. Hence
qt := Ψt(q) converges, as ti → 0 for all i = 1, . . . , g, to a regular quadratic
differential q0 ∈ Sg (on a punctured Riemann sphere with 2g paired punctures)
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and real strictly positive residues at all punctures. Finally, (3) follows from the
corresponding property of Φ
(i)
ti
, established in the proof of Lemma 4.4′, since
the horocycle flow H+s preserves the horizontal measured foliation.
Let {a1, . . . , ag, b1, . . . , bg} be a canonical homology basis on a Riemann
surface M and {θ1, . . . , θg} be the dual basis of holomorphic differentials,
defined by the standard condition θi(aj) = δij . Let A ⊂ H1(M,R) be the
Lagrangian subspace generated by the homology classes of the curves
{a1, . . . , ag}. By the definition of the Poincare´ duality, the Poincare´ dual
P (A) ⊂ H1(M,R) is generated by the cohomology classes of the harmonic
forms {ℑ(θ1), . . . ,ℑ(θg)}. Let q ∈ Qκ and let φ+i := θi/q1/2 ∈ L2q(M) be the
corresponding meromorphic functions. Since ℑ(θi) = −ℜ(ı θi), the Lagrangian
subspace P (A) is represented, under the R-linear isomorphism defined in (2.4),
by the g-dimensional real subspace V +q (A) ⊂ M+q generated by the system
{ı φ+1 , . . . , ı φ+g }. Let {m+1 , . . . ,m+g } be any orthonormal basis of V +q (A) over
R, with respect to the (symmetric) inner product induced on V +q (A) by the
hermitian structure of L2q(M). Let B be the symmetric complex matrix defined
by Bij := Bq(m
+
i ,m
+
j ). The matrix B depends on the quadratic differential
and on the choice of the orthonormal basis {m+1 , . . . ,m+g } of V +q (A). By (4.4)
and (4.5), we have:
(8.32) B = C−1
dΠ
dµq
(Ct)−1 ,
where C is the matrix of base change defined in (4.5) and Π is the period
matrix with respect to the canonical basis {a1, . . . , ag, b1, . . . , bg}. Since in
the present case the matrix C is purely imaginary, by (4.5) we have that
CCt = −CC∗ = −ℑ(Π). Let q0 ∈ Sg be a regular quadratic differential on
the 2g-punctured Riemann sphere with positive residues at all punctures. We
claim that, if q → q0 as Mq is pinched along the homotopically non-trivial
curves a1, . . . , ag, then
(8.33) lim
q→q0
Bq(m
+
i ,m
+
j ) = δij ,
uniformly with respect to the orthonormal basis {m+1 , . . . ,m+g } of V +q (A). In
fact, by (4.5′) and (4.33),
(8.34) (φ+i , φ
+
j )q +
1
2π
δij log |ti|
is bounded as t → 0, where t = (t1, . . . , tg) are the pinching parameters, de-
scribed in §4, corresponding respectively to the curves a1, . . . , ag. It follows
that the purely imaginary matrix C of base change converges, up to left mul-
tiplication by a diagonal purely imaginary matrix, to the compact subgroup
O(g,R) ⊂ GL(g,R) of real g × g orthogonal matrices. In fact, let ∆ be the
DEVIATION OF ERGODIC AVERAGES 79
g × g diagonal matrix with entries
(8.34′) ∆ij := i
∣∣∣∣ log |ti|2π
∣∣∣∣1/2 δij .
By the boundedness of (8.34), as t→ 0,
(8.35) ∆−1C → O(g,R) .
On the other hand, by Lemma 4.2 and Lemma 4.2′, as t→ 0,
(8.35′) ∆−1
dΠ
dµq
∆−1 → Ig×g .
The claim (8.33) follows then from (8.32), (8.35) and (8.35′).
Let q(0) ∈ C(1)κ be a density point of the compact set of positive measure
P(1)κ constructed above. Let ε > 0 and let {γε1 , . . . , γεg} be the system of
disjoint closed curves with the properties stated in the description of P(1)κ at
(2) (see p. 75). Let q
(0)
t = Ψt(q
(0)) be the pinching deformation along the
curves γε1, . . . , γ
ε
g constructed above. Since q
(0)
t converges as t→ 0 to a regular
quadratic differential q
(0)
0 ∈ Sg with real strictly positive residues and there
exists a canonical homology basis {a1, . . . , ag, b1, . . . , bg} such that ai = γεi ,
for all i ∈ {1, . . . , g}, by (8.33) there exists τ > 0 such that the following holds.
Let t ∈ (0, 1]g with |t| < τ and q := q(0)t . Let {c1, . . . , cg} ⊂ H1(Mq,R) be
any orthonormal basis, with respect to the Hodge norm, of the Poincare´ dual
P (Γε) of the Lagrangian subspace Γε ⊂ H1(Mq,R) generated by the homology
classes of the curves γε1, . . . , γ
ε
g and let ci = [ℜ(m+i q1/2)] ∈ H1(Mq,R) be the
harmonic representation (2.4). Then
(8.36) |Bq(m+i ,m+i )| >
1
2
, i = 1, . . . , g .
Let us choose t∗ ∈ (0, 1]g such that |t∗| < τ and let Ψ∗ := Ψt for t = t∗. There
exists an open neighbourhood U (0)κ ⊂ Uκ(a1, . . . , ag) such that q(0) ∈ U (0)κ ,
(8.28) holds for all q ∈ U (0)κ ∩P(1)κ and (8.36) holds for all q ∈ Ψ∗(U (0)κ ). In fact,
the first assertion follows from the fact that, by construction, E+k (q) depends
continuously on q ∈ P(1)κ , the latter from the continuity of the bilinear form Bq.
Finally, since the inequality (8.28) is preserved at any Oseledec regular point
of the form Ψt(q), q ∈ P(1)κ , by property (3) of Ψt, Lemma 6.8 and Theorem
8.3, if ε > 0 is chosen sufficiently small, the subset of regular points of the set
Ψ∗(U (0)κ ∩P(1)κ ) yields a subset of C(1)κ of positive measure (with respect to µ(1)κ )
where the identities (8.27′) fail for all i = j ∈ {k + 1, . . . , g}.
8.3. The Oseledec’s theorem for the bundle of closed currents of order 1.
By Theorem 8.3, which describes the invariant sub-bundles of the Kontsevich-
Zorich cocycle in terms of basic currents of order 1, and Theorem 8.5, which
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proves the (non-uniform) hyperbolicity of the cocycle, we can derive an Os-
eledec’s theorem for the restriction of the cocycle Gct to the bundle of all closed
currents of order 1. This is a crucial step in order to obtain results on the
deviation of ergodic averages for measured foliations. In fact, by the stan-
dard trace theorem for Sobolev spaces [1, Th. 5.4 (5)], the (return) leaves of a
1-dimensional foliation on a 2-dimensional manifold can be regarded as cur-
rents of order 1.
Lemma 8.6. The forward and backward Lyapunov spectra of the cocycle
G0t on the Hilbert bundle H
−1
κ (M), defined by (8.1), are contained in the closed
interval [−1, 1], in the sense that, for all q ∈ M(1)κ and any D ∈ H−1q (M),
(8.37) −1 ≤ lim inf
t→±∞
1
|t| log |G
0
t (D)|−1 ≤ lim sup
t→±∞
1
|t| log |G
0
t (D)|−1 ≤ 1 .
The forward and backward Lyapunov spectra of the cocycle Gct on the Hilbert
bundle H−1κ (M), defined by (8.2), (8.2′), are contained in the closed interval
[−2, 2], in the sense that, for all q ∈ M(1)κ and any C ∈ H−1q (M),
(8.37′) −2 ≤ lim inf
t→±∞
1
|t| log |G
c
t(C)|−1 ≤ lim sup
t→±∞
1
|t| log |G
c
t(C)|−1 ≤ 2 .
There is a continuous (orthogonal) Gct -invariant splitting
(8.38) H−1κ (M) := I−κ (M)⊕ I+κ (M)
into the closed infinite-dimensional sub-bundles I±κ (M) with fiber at q ∈ M(1)κ
given by
(8.38′)
I+q (M) := {C ∈ H−1κ (M) | ıSC = 0} ,
I−q (M) := {C ∈ H−1κ (M) | ıTC = 0} .
The restriction of the cocycle Gct to I
+
κ (M) [I
−
κ (M)] has non-negative [non-
positive] forward Lyapunov spectrum. A corresponding statement, reversing
the role of I+κ (M) and I
−
κ (M), holds for the backward spectrum.
Proof. Since the L2q norm is invariant under the Teichmu¨ller flow Gt, by
(2.7′) and the definition (8.1) of G0t , we have:
(8.39) e−|t| |D|−1 ≤ |G0t (D)|−1 ≤ e|t| |D|−1 ,
where | · |−1 denotes the norm induced on the fiber at any q ∈ M(1)κ by
the Hilbert structure of H−1q (M). The bounds (8.37) follow immediately
from (8.39).
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The sub-bundles I±κ (M) are G
c
t -invariant by definition and, by the defini-
tion (8.2) of Gct , the Lyapunov spectra of G
c
t on I
±
κ (M) can be obtained from
the Lyapunov spectrum of G0t by translation of ±1 respectively. The orthog-
onal splitting (8.38) holds since M has dimension 2 and the bounds (8.37′)
follow from the bounds (8.37) and the splitting (8.38).
Theorem 8.7. The infinite dimensional closed sub-bundle Z1κ(M) ⊂
H−1κ (M) of closed currents of order 1 is Gct -invariant and has a measurable
Gct -invariant splitting :
(8.40) Z1κ(M) = B1κ,+(M)⊕ B1κ,−(M)⊕ E1κ(M) .
(1) The measurable sub-bundles B1κ,±(M) have fibers equal to B1±q(M), the
finite dimensional vector space of basic currents of order 1 for F±q, at
µ
(1)
κ -almost all quadratic differentials q ∈ M(1)κ . The sub-bundle E1κ(M) ⊂
Z1κ(M) is the closed infinite dimensional continuous bundle of exact cur-
rents, which has everywhere defined fibers E1q (M) := {dU |U ∈ L2q(M)}.
(2) The restriction of the cocycle Gct to the bundle
B1κ(M) = B1κ,+(M)⊕ B1κ,−(M)
is measurably isomorphic to the Kontsevich-Zorich cocycle GKZt on the
real cohomology bundle H1κ(M,R), hence it has the Lyapunov spectrum
(8.26). The invariant sub-bundles B1κ,±(M) correspond to the (strictly)
positive, respectively (strictly) negative, Lyapunov exponents. The Lya-
punov spectrum of Gct on E1κ(M) is reduced to the single Lyapunov expo-
nent 0.
Proof. The bundle Z1κ(M) and the splitting (8.40) are Gct -invariant by
the definition (8.2), (8.2′) of the cocycle Gct . By Lemma 8.1, Theorem 8.3 and
Theorem 8.5, the restriction of Gct to the sub-bundle B1κ(M) is measurably
isomorphic to the Kontsevich-Zorich cocycle, hence it has Lyapunov spectrum
given by (8.26). In fact, the restriction of the cohomology map jκ, defined by
(8.3′), to B1κ(M) is injective by Lemma 8.1(4), and surjective by Theorem 8.3
and Theorem 8.5. By Lemma 8.1(1), it follows that jκ is an isomorphism of
the cocycle Gct onto the Kontsevich-Zorich cocycle G
KZ
t . By Lemma 8.1(3),
the Lyapunov exponents of Gct on B1κ,+(M) [on B1κ,−(M)] are strictly positive
[strictly negative].
The forward and backward Lyapunov spectra of the restriction of the cocy-
cle Gct to the sub-bundle E1κ(M) of exact currents are reduced to the Lyapunov
exponent 0. In fact, since |dU |−1 ≤ |U |0 and the L2q norm is invariant under
the Teichmu¨ller flow,
(8.41) lim sup
t→±∞
1
|t| log |G
c
t(dU)|−1 ≤ lim sup
t→±∞
1
|t| log |U |0 = 0 .
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On the other hand, if the horizontal and vertical foliations F±q are ergodic,
dU 6= 0 implies that the currents (SU)∗ηT ∈ I−q (M) and (TU)∗ηS ∈ I+q (M),
which are the projections of dU given by the splitting (8.38) are non-zero.
Hence, by Lemma 8.6,
lim inf
t→+∞
1
t
log |Gct(dU)|−1 ≥ lim inf
t→+∞
1
t
|Gct
(
(TU)∗ηS
)|−1 ≥ 0 ,
(8.41′)
lim inf
t→−∞
1
|t| log |G
c
t(dU)|−1 ≥ lim inft→−∞
1
|t| |G
c
t
(
(SU)∗ηT )|−1 ≥ 0 .
Remark 8.7′. There is no exhaustive theory of Lyapunov exponents for
cocycles on Hilbert or Banach bundles. In particular, the available general
results ([55] and references therein) do not seem to apply to the cocycles G0t
and Gct . It is possible to deduce from Theorem 8.7 some additional information
concerning the Lyapunov spectrum of G0t , namely that its forward Lyapunov
spectrum contains the Lyapunov exponents
(8.42) −1 + λg < · · · < −1 + λ2 < 0 < 1− λ2 < · · · < 1− λg ,
but no Oseledec’s decomposition of the bundle H−1κ (M) seems to exist. The
Lyapunov spectrum of Gct can be obtained from that of G
0
t as the union of the
translate by +1 and of the translate by −1.
9. The deviation of ergodic averages and open questions
In this conclusive section of the paper we apply the results we have ob-
tained on the Kontsevich-Zorich cocycle and on the cocycle Gct on the bundle
of closed currents of order 1 to prove results concerning the deviation of the
ergodic averages of measured foliations and of area-preserving smooth vector
fields on higher genus surfaces. By Theorem 8.7 and by Sobolev estimates on
the first return orbits as 1-dimensional currents of order 1, we derive Sobolev
estimates valid for a sequence of ‘best’ return times. Then by a standard
technical argument we deduce estimates for all times.
9.1. The L2 mean deviation and the cohomological equation. By the
Gottschalk-Hedlund theorem, there is a relation between the deviation of er-
godic averages and the existence of solutions of the cohomological equation.
The topological version of the theorem, which states that the cohomological
equation Xu = f , for a minimal flow generated by a vector field X, has a
continuous solution u if and only if the ergodic integrals of f are uniformly
bounded, was first proved in [22, Th. 14.11]. A proof can also be found in
[32, Th. 2.9.4]. A similar theorem can be proved for L2 solutions, although we
were not able to find a reference. By the L2 version of the Gottschalk-Hedlund
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theorem, Theorem 8.3 yields a negative answer to a question, left open in [18],
concerning the existence of L2 solutions of the cohomological equation. We
therefore prove that the statement of [17, Th. A] is incorrect and should be
replaced by [18, Th. A].
Theorem 9.1. For µ
(1)
κ -almost all quadratic differentials q ∈ M(1)κ there
exists (at least) a function f ∈ C∞0 (M \ Σq), with zero average, such that
the cohomological equation Su = f has no solution u ∈ L2q(M). Let ΦTq be
the (almost everywhere defined) flow of the vector field S, by the Gottschalk -
Hedlund theorem,
(9.1) lim sup
T →+∞
|
∫ T
0
f(Φq(p, τ)) dτ |0 = +∞ .
Proof. Assume that the cohomological equation Su = f has a solution
u ∈ L2q(M) for any f ∈ C∞0 (M \ Σq). Then by the methods of Section 7.1 it
would be possible to construct a 2g−1 dimensional subspace of basic currents of
order 1 for the horizontal foliation Fq. In fact, given any meromorphic function
m+ ∈ M+q with zero average, the cohomological equation Su = −ℜ(m+)
would have a solution u ∈ L2q(M). The solution could be constructed as
follows. Let u0 be a smooth local solution of the equation Su0 = −ℜ(m+) in a
neighbourhood of the zero set Σq, which can be obtained by Laurent expansion
at the points of Σq and by the formulas (7.4). Let then u1 ∈ L2q(M) be a
solution of the equation Su1 = f1, where f1 := −ℜ(m+)−Su0 ∈ C∞0 (M \Σq).
The function u := u0+u1 ∈ L2q(M) is therefore a solution of the cohomological
equation Su = −ℜ(m+). By formula (7.3), we could then construct a space
of basic currents of order 1 for Fq of dimension 2g − 1. In fact, we would
obtain that the basic cohomology H1,1q (M,R) has codimension 1 in H1(M,R),
hence dimension 2g − 1. On the other hand, by Theorem 8.3, for almost all
q ∈ M(1)κ , H1,1q (M,R) coincides with the unstable subspace of the Kontsevich-
Zorich cocycle, hence it has dimension (at most) equal to the genus g ≥ 2.
Since 2g − 1 > g ≥ 2, we have obtained a contradiction. Hence, we have
proved that there exists f ∈ C∞0 (M \ Σq) with zero average such that the
cohomological equation Su = f has no solution u ∈ L2q(M).
By the Gottschalk-Hedlund theorem, if (9.1) were false, the cohomological
equation Su = f would have a solution u ∈ L2q(M). In fact, in that case the
one-parameter family
(9.2) uT (p) := − 1T
∫ T
0
∫ τ
0
f(Φq(p, s)) ds dτ
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would be bounded in L2q(M). In addition, a computation shows that, if Fq is
ergodic,
(9.2′) SuT (p) = f(p)− 1T
∫ T
0
f(Φq(p, τ)) dτ → f in L2q(M) .
Any weak limit u ∈ L2q(M) of the family (9.2) would therefore be a solution
of the equation Su = f . Since we proved above that such an equation has no
solution u ∈ L2q(M), it follows that (9.1) holds.
The non-existence of L2q(M) solutions for a cohomological equation
Su = f , with f smooth and of zero average is therefore related to the ex-
istence of unbounded deviation in the ergodic integrals of f . In the case of the
torus T 2 (g = 1) this phenomenon does not occur for a full measure set of flows
(given by a Diophantine condition). In the case of higher genus, as it was con-
jectured in [38], the deviation of the ergodic integrals from the linear growth
behaviour predicted by the ergodic theorem obeys, for a typical function, a
power law with exponent λ2 > 0.
9.2. Sobolev estimates for the (first) return orbits. The key idea of our
argument consists in studying the dynamics of the flow Gct on the infinite-
dimensional non-closed sub-bundles Γ±κ ⊂ H−1κ (M) generated by segments of
leaves of the horizontal and vertical foliations. Let T > 0. We denote by
γT±q a positively oriented segment of length T > 0 of a leaf of the measured
foliation F±q respectively. By trace theorems for Sobolev spaces, the vector
spaces Γ±q generated by the segments γ
T
±q are subspaces of the spaceH−1q (M) of
1-dimensional currents of order 1. In addition, they are invariant under the
action of the cocycle Gct . Let Φ
T
±q, T ∈ R, be the (almost everywhere defined)
flows of the vector fields S, T respectively. The foliations F±q are almost
everywhere the orbit foliations of the flows ΦT±q. Let α := f
+ηT + f
−ηS ∈
H1q(M), then
(9.3) γT±q(α) =
∫ T
0
f±(Φ±q(p
±, τ)) dτ ,
where p± ∈ M are the starting points of the oriented segments γT±q. The
ergodic averages of the functions f± ∈ H1q (M) can therefore be understood by
studying the dynamics of the ‘renormalization’ cocycle Gct on Γ
±
κ .
The first step consists in an estimate of the norm of γT±q in H−1q (M). Let
||q|| denote the Rq-length of the shortest saddle connection of the quadratic
differential q ∈ M(1)κ .
DEVIATION OF ERGODIC AVERAGES 85
Lemma 9.2. There exists a constant K > 0 such that, for all quadratic
differentials q ∈ M(1)κ ,
(9.4) |γT±q|H−1q (M) ≤ K
(
1 +
T
||q||
)
.
Proof. Let dq(M) be the maximum distance of any point in M to a zero.
By [45, Cor. 5.6] there is a constant K1 > 1 such that dq(M) ≤ K1/||q|| or
dq(M) ≤
√
2/π. Since ||q||/2 ≤ dq(M), it follows that there is K2 > 1 such that
||q|| ≤ K2. Let δ := ||q||/3. Let γ+ := γT+q be a regular segment of length T > 0
of a leaf of the horizontal foliation Fq. The case of a regular segment γ− := γT−q
of a leaf of the vertical foliation is similar. For all but a finite number of points
p ∈ γ+, the vertical segment γδ−(p) of length 2δ, centered at p, is well-defined.
At the exceptional points p1, . . . , pN ∈ γ+ (ordered in the positive direction
along γ+) the vertical leaf through pi meets a singularity at a distance from pi
less than δ. Let γ+(pi, pi+1) be the open horizontal segment with endpoints pi,
pi+1. By the definition of δ > 0, the Rq-length Lq(γ+(pi, pi+1)) ≥ δ. Otherwise,
there would be two singularities at a distance strictly less than 3δ = ||q||, in
contradiction with the definition of ||q||. By possibly introducing additional
points, we can assume that the following holds:
(9.5)
δ ≤Lq
(
γ+(pi, pi+1)
) ≤ 2δ , 1 ≤ i ≤ N − 1 ,
Lq
(
γ+(p0, p1)
)
, Lq
(
γ+(pN , pN+1)
) ≤ 2δ ,
where p0, pN+1 are the endpoints (ordered in the positive direction) of γ+. Let
Ri ⊂ R2, 0 ≤ i ≤ N , be the open rectangles defined by
(9.6) Ri := {(x, y) ∈ R2 | 0 < x < Lq
(
γ+(pi, pi+1)
)
, −δ ≤ y ≤ δ} .
We claim that there are isometric embeddings of the rectangles Ri into (M,Rq)
such that the image of the horizontal segments γi = Ri∩{y = 0} coincide with
γ+(pi, pi+1). In fact, let p 6= p′ ∈ γ+(pi, pi+1). If γδ−(p) ∩ γδ−(p′) 6= ∅, then, by
the Pythagorean theorem, there would be a homotopically non-trivial regular
closed geodesic of length at most
√
4δ2 + 4δ2 < 3δ = ||q||. Hence, there would
be an embedded cylinder with waist of length < ||q|| [58, Chap. IV, §9.3]. The
boundary of such a cylinder should then contain at least one saddle connection
of smaller or equal length, in contradiction with the definition of ||q||.
Let Ra,b := {(x, y) ∈ R2 | 0 < x < a , −b < y < b. By a rescaling
argument, that is, by reducing to the case of a = b = 1 by an affine change
of coordinate and by the Sobolev trace theorem [1, Th. 5.4 (5)], there exists a
constant K3 > 0, such that
(9.7)
∣∣∣∣∫ a
0
f(x, 0)dx
∣∣∣∣ ≤ K3 (ab)1/2max{a, b, 1} |f |H1(Ra,b) .
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By applying the inequality (9.7) to each of the rectangles Ri ⊂Mq, 0 ≤ i ≤ N ,
by (9.3) we get
(9.7′) |γi(α)| =
∣∣∣∣∫
γi
f+ηT
∣∣∣∣ ≤ K4|f+|1 ≤ K4|α|1 ,
where K4 := 2
1/2K2K3. The estimate (9.4) is then a consequence of (9.7
′)
and of the inequality N − 1 ≤ T /δ, which follows from the first inequality of
(9.5).
A point p ∈M is regular with respect to a measured foliation F if it does
not belong to a singular leaf of F . Let q ∈ M(1)κ . A point p ∈M will be said to
be q-regular if it is regular with respect to the horizontal and vertical foliations
F±q. The set of q-regular points is of full measure and it is equivariant under
the action of the mapping class group and of the Teichmu¨ller flow. Let p ∈M
be q-regular and let I±q(p) be the vertical [horizontal] segment of length ||q||/2
centered at p. A forward horizontal [vertical ] return time of the point p ∈M is
defined to be any real number T±q(p) > 0 such that Φ±q
(
p,T±q(p)
) ∈ I∓q(p).
If T > 0 is any horizontal [vertical] return time of a q-regular point p ∈M , the
horizontal [vertical] forward segment γT±q(p), with initial point p, will be called a
forward horizontal [vertical ] return trajectory at p. There is a natural map from
the set of horizontal [vertical] return trajectories into the set of homotopically
non-trivial closed curves. The closing of any horizontal [vertical] trajectory
segment γT±q(p) is defined by
(9.8) γ̂T±q(p) := γ
T
±q(p) ∪ γ
(
p,Φ±q(p,T )
)
,
where γ
(
p,Φ±q(p,T )
)
is the shortest geodesic segment joining the endpoints
p, Φ±q(p,T ) of the trajectory segment (which exists by [58, Th. 18.2.2]).
Let T (1)±q (p) be the forward horizontal [vertical ] first return time of the
q-regular point p ∈M , defined to be the real number
(9.9) T (1)±q (p) := min{T > 0 |Φ±q(p,T ) ∈ I∓q(p)} .
The corresponding forward horizontal [vertical] trajectory γ
(1)
±q (p) with initial
point p will be called the forward horizontal [vertical] first return trajectory
at p. We have the following estimate for first return times:
Lemma 9.2′. There exists a measurable function Kr : Mκ → R+ such
that, if T (1)±q (p) is the forward horizontal [vertical ] first return time of a
q-regular point p ∈M , then
(9.10) ||q||/2 ≤ T (1)±q (p) ≤ Kr(q) .
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Proof. Since γ̂T±q(p) is a closed curve not homotopic to zero, there exists
a shortest geodesic in its homotopy class [58, Th. 18.4.]. If such a geodesic
contains singular points, then its length is ≥ ||q||. Otherwise, it is the waist
curve of an embedded flat cylinder. Since the boundary of any flat cylinder is
the union of saddle connections, the lower bound ||q|| is valid also in this case.
Since I±q(p) has length ||q||/2, T (1)±q (p) ≥ ||q||/2.
For all q ∈ Mκ, the functions p→ T (1)±q (p) are almost everywhere defined
and simple, in the sense that they are locally constant and take only a finite
set of values. In fact, if I∓ is an interval transverse to F±q of length δ > 0,
the Poincare´ return map on I∓ is an orientation-preserving isometry with
(at most) a finite number of discontinuities, hence it is an interval exchange
transformation with (at most) a finite number of sub-intervals. On each sub-
interval T (1)±q (p) is constant. The function
(9.10′) Kr(q) := max{T (1)±q (p) | p ∈M is q-regular }
is therefore well-defined and everywhere finite. It can be proved that Kr is
lower semicontinuous, hence measurable, and (9.10) holds by the definition
(9.10′).
9.3. Special sequences of ‘close’ return times. Special sequences of return
times for the horizontal [vertical] foliation of a generic quadratic differential
can be constructed by considering return times of the Teichmu¨ller geodesic
flow. This will clarify in what sense the Teichmu¨ller flow Gt and the cocycles
GKZt , G
c
t play the role of a ‘renormalization dynamics’ for orientable measured
foliations. Let q ∈ M(1)κ be a Birkhoff generic point of the Teichmu¨ller flow
Gt and let Sκ(q) ⊂M(1)κ be a smooth compact hypersurface of codimension 1,
containing q and transverse to the Teichmu¨ller flow. Let (tk) be the sequence
of return times of the orbit {Gt(q) | t ∈ R} to Sκ(q). Since, by definition,
(9.11) (Fqt ,F−qt) = (e−tFq, etF−q) ,
if t = tk < 0 is a backward return time of Gt(q), any forward first return
trajectory of the horizontal foliation Fqt is a forward return trajectory of the
horizontal foliation Fq, provided |tk| is sufficiently large. In a similar way,
if t = tk > 0 is a forward return time of Gt(q), any forward first return
trajectory of the vertical foliation F−qt is a forward return trajectory of the
vertical foliation F−q. In all the arguments which follow we will consider the
case of the horizontal foliation, the case of the vertical foliation being similar.
By closing the return trajectories of the horizontal [vertical] foliation, as
in (9.8), we obtain closed currents of order 1. The evolution of such currents
under the action of the Teichmu¨ller flow is therefore described by the cocycle Gct
88 GIOVANNI FORNI
on the bundle Z1κ(M), studied in Section 8.3 (in particular Theorem 8.7). We
describe below a relevant additional property of the Oseledec’s splitting (8.40).
In Theorem 8.7 we have proved that the Lyapunov spectrum of the co-
cycle Gct on the bundle E1κ(M) of exact currents of order 1 is reduced to the
single Lyapunov exponent 0. In fact, there exists a Lyapunov norm on E1κ(M),
invariant under Gct . Let C be an exact current of order 1, then C = dU , where
the function U ∈ L2q(M) has zero average.
Lemma 9.3. The norm | · |q, defined fiber -wise on the bundle E1κ(M) of
exact currents of order 1 as
(9.12) |dU |q := |U |L2q(M) ,
∫
M
U ωq = 0 ,
is invariant under Gct . There exists a continuous function K : M(1)κ → R+
such that, for all q ∈ M(1)κ and dU ∈ E1q (M), we have:
(9.12′) K(q) |dU |q ≤ |dU |H−1q (M) ≤ |dU |q .
Proof. The norm |dU |q is invariant under the flow Gct , since Gct(dU) = dU
and the inner product of the Hilbert space L2q(M) is invariant under the action
of the Teichmu¨ller flow Gt on Mκ. The second inequality in (9.12′) follows
immediately from the definition (9.12).
Let q ∈ Mκ be a quadratic differential. By [18, Prop. 4.3A], the following
splitting holds:
(9.13) H0q := {U ∈ L2q(M) |
∫
M
Uωq = 0} = R(∂+q )⊕R(∂−q ) ,
where R(∂±q ) ⊂ L2q(M) is the range of the Cauchy-Riemann operator ∂±q on
the weighted Sobolev space H1q (M). By [18, Prop. 3.2], the subspace R(∂
+
q )
[R(∂−q )] is the orthogonal complement in L
2
q(M) of the finite-dimensional sub-
space M−q [M+q ] of anti-meromorphic [meromorphic] functions. Since the
Cauchy-Riemann operators ∂±q depend continuously on the quadratic differ-
ential q ∈ Mκ, there exists a continuous function K1 : Mκ → R+ such that
the following holds. If U ∈ H0q , then there exist functions v± ∈ H1q (M) such
that
(9.14)
U = ∂+q v
+ + ∂−q v
− ,
|v±|1 ≤ K1(q) |U |L2q(M) .
Hence
|U |20 =(U, ∂+v+ + ∂−v−)q
(9.14′) ≤ 2|dU |−1(|v+|1 + |v−|1) ≤ 4K1(q)|U |0|dU |−1 .
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Let q ∈ M(1)κ be a regular point for the Kontsevich-Zorich cocycle (in the
sense of the Oseledec’s theorem). Let
(9.15) λ′1 = 1 > λ
′
2 > · · ·λ′s > 0 > −λ′s > · · · > −λ′1 = −1
be the distinct Lyapunov exponents at q of the Kontsevich-Zorich cocycle. By
Corollary 2.2 and Theorem 8.5, there exists s ∈ {2, . . . , g} such that (9.15)
holds. It has been conjectured in [38], on the basis on numerical evidence,
that the Lyapunov spectrum of the Kontsevich-Zorich cocycle is simple, hence
s = g. By Theorem 8.7, there exists an Oseledec’s splitting
(9.15′) Z1q (M) = E+1 (q)⊕ · · · ⊕E+s (q)
⊕
E−1 (q)⊕ · · · ⊕E−s (q)
⊕
E1q (M) ,
where E±i (q), i ∈ {1, . . . s}, is the eigenspace of the cocycle Gct corresponding
to the Lyapunov exponent ±λ′i and E1q (M) is the closed infinite-dimensional
subspace of exact currents of degree 1. The subspaces E±i (q) are finite dimen-
sional with dimension equal to the multiplicity of the Lyapunov exponent λ′i,
while the subspace E1q (M) is infinite-dimensional.
Let Π±iq : Z1q (M) → E±i (q), i ∈ {1, . . . , s}, ΠEq : Z1q (M) → E1q (M) be
the projections determined by the splitting (9.15′). Such projections can be
extended to the (Hilbert) space H−1q (M) by composition with the orthogonal
projection onto the closed subspace Z1q (M). Let δκ : M(1)κ → R+ be the
distorsion (in the sense of [41, Chap. IV, §11, p. 269]) of the splitting (9.15′)
with respect to the H−1q norm on B1q(M)⊕M1−q(M) and the Lyapunov norm
| · |q (introduced in Lemma 9.3) on E1q (M):
(9.15′′) δκ(q) := sup
C
∑g
i=1 |Π+iq (C)|2−1 +
∑g
i=1 |Π−iq (C)|2−1 + |ΠEq (C)|2q
|C|2−1
,
where the supremum is taken over all currents C ∈ Z1q (M).
Let P(1)κ ⊂M(1)κ be a compact set satisfying the following conditions:
(1) All q ∈ P(1)κ are Birkhoff generic points for the Teichmu¨ller flow Gt and
Oseledec regular points for the cocycle Gct ;
(2) P(1)κ is transverse to the Teichmu¨ller flow and has positive transverse mea-
sure;
(3) the distorsion δκ, defined by (9.15
′′), is continuous (hence bounded) on
P(1)κ ;
(4) the function Kr :M(1)κ → R+, that is the upper bound (9.10) on the first
return times of the horizontal and vertical foliations, is continuous (hence
bounded) on P(1)κ .
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It follows from the ergodicity of the Teichmu¨ller flow (Theorem 1.1), from
Theorem 8.7, Lemma 9.2′ and Luzin’s theorem that the union of all sets P(1)κ
with the properties (1)–(4) is a full measure subset of M(1)κ .
Let q ∈ P(1)κ and (tk)k∈N be the sequence of return times of the backward
orbit {Gt(q) | t ≤ t1 = 0} to P(1)κ . Let p ∈ M be any q-regular point. A
principal sequence of forward return times at p for the horizontal foliation Fq
is the sequence
(9.16) T (k)q (p) := T (1)Gt(q)(p) exp |t| , t = tk .
The horizontal forward trajectory at p corresponding to a principal return
time T (k)q (p) will be called a horizontal principal return trajectory at p and
denoted by γ
(k)
q (p). We remark that a horizontal principal return trajectory
γ
(k)
q (p) coincides with the horizontal first return trajectory at p of the quadratic
differential Gt(q), t = tk < 0. A similar construction holds for the vertical
foliation F−q by considering forward return times of the Teichmu¨ller flow.
Lemma 9.4. Under the conditions (1)–(4) there exists a constant KP > 0
such that the following holds. Let q ∈ P(1)κ and γTq (p), T > 0, be a forward
trajectory with initial point a q-regular point p ∈ M . There exists a finite
sequence of points (p
(k)
j ) ⊂ γTq (p), 1 ≤ k ≤ n, 1 ≤ j ≤ mk, such that the
principal return trajectories γ
(k)
q (p
(k)
j ) ⊂ γTq (p) do not overlap and, in addition,
(9.16′)
γTq (p) =
n∑
k=1
mk∑
j=1
γ(k)q (p
(k)
j ) + b
T
q (p) ,
mk ≤ KP exp(|tk+1| − |tk|) ,
Lq
(
bTq (p)
) ≤ KP .
Proof. The proof is based on the following estimate on principal return
times. By (9.16), Lemma 9.2′ and condition (4), there exists a constantKpr > 0
such that, for all q ∈ P(1)κ , all q-regular points p ∈M and all k ∈ N,
(9.17) K−1pr exp |tk| ≤ T (k)q (p) ≤ Kpr exp |tk| .
Let n = max{k ∈ N | T (k)q (p) ≤ T }. The maximum exists (i.e., is finite) by
(9.17). Let p
(n)
1 := p. The sequence (p
(k)
j ) with the properties stated in (9.16
′)
can be constructed by a finite iteration of the following procedure. Let p
(k)
j be
the last point in the sequence already determined and let
(9.18) p
(k)
j+ := Φq
(
p
(k)
j ,T (k)q (p(k)j )
) ∈ γTq (p) .
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Let then k′ ∈ {1, . . . , k} be the largest integer such that
(9.18′) Φq
(
p
(k)
j+ ,T (k
′)
q (p
(k)
j+)
) ∈ γTq (p) .
If k′ = k, let p
(k)
j+1 := p
(k)
j+ . If k
′ < k, let mk := j, mh = 0 (no points) for all
k′ < h < k and p
(k′)
1 := p
(k)
j+ . The iteration step is concluded. By (9.17) we
have:
(9.19) K−1pr exp |tk|mk ≤ T (k+1)q (p(k)1 ) ≤ Kpr exp |tk+1| .
The length of the remainder bTq (p) has to be less than any upper bound for
the length of first return times. Hence, by (9.19), Lemma 9.2′ and condition
(4), the estimates in (9.16′) are proved and the argument is concluded.
9.4. The main theorem on the deviation of ergodic averages.
Theorem 9.5. For almost all quadratic differentials q ∈ M(1)κ and almost
all points p ∈ Mq the following holds. Let γTq (p) be the horizontal forward
trajectory segment of length T > 0 with initial point p. Then, for all i ∈
{1, . . . s},
(9.20)
lim sup
T →+∞
log |Π+iq (γTq (p))|−1
log T = λ
′
i ,
lim sup
T →+∞
log |Π−iq (γTq (p))|−1
log T = 0 ,
lim sup
T →+∞
log |ΠEq (γTq (p))|−1
log T = 0 .
Proof. The argument consists of two parts. We first prove the upper
bounds implicit in (9.20), then the lower bound.
Upper bound. By Lemma 9.4 the estimate can be reduced to the case
of a principal return trajectory γ
(k)
q (p). Let P(1)κ be a compact set satisfying
conditions (1)–(4) listed in Section 9.3. By Lemmas 9.2, 9.2′ and the conditions
(3), (4), there exists a constant K1 > 0 such that the following holds. Let
q ∈ P(1)κ and p ∈ M be a q-regular point. Let γ(1)q (p) be the first return
horizontal trajectory at p. Then
(9.21)
|Π±iq
(
γ̂(1)q (p)
)|−1 ≤ K1 ,
|ΠEq
(
γ̂(1)q (p)
)|q ≤ K1 ,
where the closing operation γ → γ̂ of a return trajectory is described by (9.8)
and | · |q is the Lyapunov norm on E1q (M) defined in Lemma 9.3. The currents
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of order 1 given by the principal return trajectories can be obtained by the
action of the cocycle Gct on the first return trajectories:
(9.22) γ(k)q (p) = G
c
−t
(
γ
(1)
Gt(q)
(p)
)
, t = tk ≤ 0 ,
where (tk) is the sequence of backward return times of the Teichmu¨ller orbit
Gt(q) P(1)κ . Hence, by Theorem 8.7, Lemma 9.3 and the invariance of the
Lyapunov norm | · |q under the cocycle Gct , if λ+i > λ′i > 0 and −λ′i < λ−i < 0,
there exists a constant K2 > 0, such that
(9.22′)
|Π±iq
(
γ̂(k)q (p)
)|−1 ≤ K2 exp(λ±i |tk|) ,
|ΠEq
(
γ̂(k)q (p)
)|−1 ≤ K2 .
By Lemma 9.4 the trajectory γTq (p) can be split as a union of principal return
trajectories and a uniformly bounded remainder. Hence, by Lemma 9.2, (9.11)
and (9.22′), there exists a constant K3 > 0 such that
(9.22′′)
|Π±iq
(
γTq (p)
)|−1 ≤ K3 ∑
1≤k≤n
mk exp(λ
±
i |tk|) ,
|ΠEq
(
γTq (p)
)|−1 ≤ K3 ∑
1≤k≤n
mk .
Since the transverse set P(1)κ has positive transverse measure, by the ergodic-
ity of the Teichmu¨ller flow (Theorem 1.1) and Birkhoff ergodic theorem, the
backward return times (tk) have the following property:
(9.23) lim
k→+∞
|tk|
k
=
1
µ
,
where µ := µ(P(1)κ ) > 0 is the transverse measure of P(1)κ . Let 0 < δ ≪ 1/µ.
By (9.23) there exists Nδ ∈ N such that, for all k ≥ Nδ,
(9.23′) (
1
µ
− δ)k ≤ |tk| ≤ ( 1
µ
+ δ)k ,
hence, by the estimates proved in Lemma 9.4 and (9.23′), there exist constants
K
(1)
µ,δ , K
(2)
µ,δ > 0 such that, for all n > Nδ,
(9.24)
|Π±iq
(
γTq (p)
)|−1 ≤ K(1)µ,δ + K(2)µ,δ | exp{(λ±iµ + (λ±i + 2)δ)n} − 1| ,
|ΠEq
(
γTq (p)
)|−1 ≤ K(1)µ,δ + K(2)µ,δ exp(2δn) .
On the other hand, by the choice of n ∈ N in Lemma 9.4,
n = max{k ∈ N | T (k)q (p) ≤ Tr},
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hence, by (9.16) and Lemma 9.2′, there exists a constant K4 > 0 such that
(9.24′) K4 exp{( 1
µ
− δ)n} ≤ K4 exp(|tn|) ≤ T .
By (9.24) and (9.24′),
(9.25)
lim sup
T →+∞
log |Π+iq
(
γTq (p)
)|−1
log T ≤
λ+i + (λ
+
i + 2)µδ
1− µδ ,
lim sup
T →+∞
log |Π−iq
(
γTq (p)
)|−1
log T ≤
max{0, λ−i + (λ−i + 2)µδ}
1− µδ ,
lim sup
T →+∞
log |ΠEq
(
γTq (p)
)|−1
log T ≤
2µδ
1− µδ .
Since 0 < δ ≪ 1/µ and λ+i > λ′i > 0, λ−i < −λ′i < 0 are arbitrarily chosen, the
upper bound in (9.20) is proved.
Lower bound. We claim the following statement holds. For µ
(1)
κ -almost
all quadratic differentials q ∈ M(1)κ , there exists a full measure set Aq ⊂ Mq
(consisting of q-regular points) with the following property. For each p ∈ Aq,
there exists a diverging sequence Tk := Tk(p) of positive times such that
(9.26) lim
k→+∞
log |Π+iq
(
γTkq (p)
)|−1
log Tk = λ
′
i .
We remark that it is sufficient to find a positive measure set P(1)κ in every
connected component of the moduli space M(1)κ with the property that (9.26)
holds on a set Aq ⊂Mq of positive measure. In fact, since almost all quadratic
differentials have ergodic horizontal foliation [43], if (9.26) holds on a positive
measure subset ofMq, it holds on a full measure subset. Then, by the ergodicity
of the Teichmu¨ller flow on each connected component of the moduli space
(Theorem 1.1), if (9.26) holds for almost all p ∈ Mq on a positive measure
subset P(1)κ of a connected component C(1)κ ⊂ M(1)κ , then it holds on a full
measure subset of C(1)κ .
Let q0 ∈ C(1)κ be a quadratic differential with Lagrangian horizontal folia-
tion satisfying the properties listed in Lemma 8.4. The flat structure induced
by q0 contains at least g ≥ 2 embedded flat cylinders A(0)j with waist curves
γ
(0)
j , j ∈ {1, . . . , g}, such that the subspace L0 ⊂ H1(Mq0 ,R) generated by
{γ(0)1 , . . . , γ(0)g } is Lagrangian. Let hj > 0 be the height of the cylinder A(0)j .
Then A
(0)
j ≡ γ(0)j × (−hj/2, hj/2). There exists a compact neighbourhood U (1)κ
of q0 in C(1)κ such that all q ∈ U (1)κ have embedded flat cylinders Aj(q) with
waist curves isotopic to γ
(0)
j and, in addition, the following two properties hold:
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(1) the closing γ̂
(1)
q (p) of the q-horizontal first return trajectory of any point
p ∈ Aj(q) is isotopic to a waist curve of Aj(q) in Mq \Σq;
(2) there is a strictly positive lower bound for the area of all cylinders Aj(q) ⊂
Mq, q ∈ U (1)κ .
Let P(1)κ ⊂ U (1)κ be a compact positive measure set satisfying the conditions
listed in Lemma 8.4 and, in addition, the conditions (1)− (4) listed in Section
9.3. Since, by (2c) in Lemma 8.4, the Poincare´ dual P (L0) of the Lagrangian
subspace L0, generated by the waist curves {γ(0)1 , . . . , γ(0)g }, is transverse to
the stable subspace E−(q), the condition (1) above implies the following. Let
q ∈ P(1)κ and Π±iq , i ∈ {1, . . . , s}, be one of the projections determined by the
Oseledec splitting (9.15′). There exists a cylinder Aj(i)(q) such that
(9.27) Πiq
(
γ̂(1)q (p)
) 6= 0 , for all p ∈ Aj(i)(q) .
By Luzin’s theorem, conditions (3), (4) in Section 9.3, Lemmas 9.2, 9.2′ and
(9.27), there exist a compact positive measure set P ′κ ⊂ P(1)κ , on which the
splitting (9.15′) depends continuously on the quadratic differential, and a con-
stant K5 > 0 such that, if q ∈ P ′κ, we have:
(9.28) K−15 ≤ |Πiq
(
γ̂(1)q (p)
)|−1 ≤ K5 , p ∈ Aj(i)(q) .
Let q ∈ P ′κ and (tn) be the sequence of backward return times of the orbit
Gt(q) to the positive measure set P ′κ. Let A(n)j(i) := Aj(i)(qn), qn := Gtn(q). Let
p ∈ A(n)j(i) and γ̂
(n)
q (p) be the closing of the first return trajectory at p of the
horizontal foliation of Gtn(q). Then, by Theorem 8.7, for any λ
−
i < λi < λ
+,
there is a constant K6 > 0 such that
(9.28′) K−16 exp(λ
−
i |tn|) ≤ |Πiq
(
γ̂(n)q (p)
)|−1 ≤ K6 exp(λ+i |tn|) .
Let T (n)q (p) be the return time of the return trajectory γ(n)q (p), p ∈ A(n)j(i). By
(9.17) there exists a constant Kpr > 0 such that, for all q-regular p ∈Mq,
(9.28′′) K−1pr exp |tn| ≤ T (n)q (p) ≤ Kpr exp |tn| .
All cylinders A
(n)
j(i) have positive area inMq, uniformly bounded away from zero
(as a consequence of the corresponding property of the cylinders Aj(i)(q) for
all q ∈ U (1)κ and of the invariance of the area form ωq under the Teichmu¨ller
flow). Hence the set
(9.29) Aq :=
⋂
N∈N
⋃
n≥N
A
(n)
j(i)
such that p ∈ Aq if and only if p ∈ A(n)j(i) for infinitely many n ∈ N, has positive
measure in Mq. In fact, the Rq-area of Aq is greater than any lower bound for
DEVIATION OF ERGODIC AVERAGES 95
the Rq-area of the sets A
(n)
j(i). This is a simple instance of the Kochen-Stone
inequality [19, §6.2, Lemma 4]. By (9.28′) and (9.28′′), for each p ∈ Aq there
exists therefore a diverging sequence (nk) such that
(9.30) lim
k→+∞
log |Π+iq
(
γ
(nk)
q (p)
)|−1
log T (nk) = λ
′
i .
Let Tk(p) := T (nk). We have proved (9.26) for a positive measure set P ′κ of
quadratic differentials in each connected component of the stratum M(1)κ and,
given any q ∈ P ′κ, for a positive measure set Aq ⊂ Mq. By the above remark
the argument is concluded.
Remark 9.5′. In proving Theorem 9.5, we have in fact proved the following
statement. For almost all q ∈ M(1)κ and any given ε > 0 there exists Tε :=
Tε(q) > 0 such that, for all i ∈ {1, . . . , s} and all q-regular p ∈Mq,
(9.31)
sup
T ≥Tε
log |Π+iq
(
γTq (p)
)|−1
log T ≤ λ
′
i + ε ,
sup
T ≥Tε
log |Π−iq
(
γTq (p)
)|−1
log T ≤ ε ,
sup
T ≥Tε
log |ΠEq
(
γTq (p)
)|−1
log T ≤ ε .
In addition, for each i ∈ {1, . . . , s}, there exist a cylinder A(i)ε (q) ⊂ Mq, with
volq
(
A
(i)
ε (q)
)
uniformly bounded away from zero (independently of ε > 0), and
a real number T (i)ε := T (i)ε (q) > 0 such that, for all p ∈ A(i)ε (q),
(9.32)
log |Π+iq
(
γT
(i)
ε
q (p)
)|−1
log T (i)ε
≥ λ′i − ε
and there exists a constant K
(i)
q > 0 such that, for all p1, p2 ∈ A(i)ε (q),
(9.32′)
∣∣∣Π+iq (γT (i)εq (p1)) − Π+iq (γT (i)εq (p2))∣∣∣
−1
≤ K(i)q .
The bound in (9.32′) follows from the remark that all return trajectories
γ̂T
(i)
ε
q (p), p ∈ A(i)ε (q), are isotopic inMq \Σq to the waist curve of a flat cylinder
(of uniformly bounded area).
The argument also proves that the cohomology class of the closed current
γ̂Tq (p) stays within a bounded distance of the unstable subspace E
+
q of the
Kontsevich-Zorich cocycle in the cohomology group H1(M,R). In fact, by
choosing δ > 0 sufficiently small in (9.24), we obtain the following estimate.
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There is a constant Kq > 0 such that, for all i ∈ {1, . . . , s} and all q-regular
points p ∈Mq,
(9.33) sup
T >0
|Π−iq
(
γˆTq (p)
)|−1 ≤ Kq .
9.5. The deviation for area-preserving vector fields and open questions.
Let ω be a smooth area form on a compact orientable surfaceM of genus g ≥ 2
with at most finite order degeneracies at a finite set Σ := {p1, . . . , pσ} ⊂ M .
Let ı := (ı1, . . . , ıσ) satisfy the following properties: each ık is a negative
integer and
∑
ık = 2 − 2g. Let E ıω(M,Σ) the set of vector fields X such
that the closed 1-form ηX := ıXω is smooth on M and the orbit foliation
FX := {ηX = 0} is a measured foliation in the sense of [62] with a saddle-type
singularity of index ık at each point pk ∈ Σ, k = 1, . . . , σ. The measure class
on E ıω(M,Σ) is defined by pull-back of Lebesgue measure class under the map
E ıω(M,Σ)→ H1(M,Σ;R) given by the Katok’s fundamental class [29]:
(9.34) X → [ηX ] ∈ H1(M,Σ;R) .
For almost all X ∈ E ıω(M,Σ), the orbit foliation FX can be realized as the
horizontal foliation of an orientable quadratic differential q ∈ Q(1)κ [27, Chap. II]
with κ = −2ı. Let C(1)X be the connected component of the stratum M(1)κ of
the moduli space such that q ∈ C(1)X and let
(9.35) {(λ′i(X),mi(X)) | i = 1, . . . , s} ⊂ R+ × N \ {0}
be the positive Lyapunov spectrum (with multiplicities) of the Kontsevich-
Zorich cocycle on the connected component C(1)X . The distinct Lyapunov ex-
ponents λ′1(X) = 1 > λ
′
2(X) > · · · > λ′s(X) > 0 and the corresponding
multiplicities m1(X) = 1, . . . ,ms(X) (such that
∑
mi(X) = g) are defined
for almost all X ∈ E ıω(M,Σ) and only depend on the connected component
C(1)X . The Kontsevich-Zorich conjecture (1.2) states that mi(X) = 1 for all
i ∈ {1, . . . , s} (hence s = g). We have proved only the weaker statement that
all the Lyapunov exponents are non-zero (Theorem 8.5).
If X ∈ E ıω(M,Σ) and FX = Fq, there exists a strictly positive smooth
function W = WX , with zeroes of finite order at Σ, such that ω = W
−1ωq,
henceX =WS, where S is the normalized horizontal vector field for the metric
Rq, defined in Section 2, and ωq is the area form of Rq. Let
(9.36) H1W (M) := {f |W−1f ∈ H1(M)}
be the related weighted Sobolev space of once weakly differentiable functions.
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Theorem 9.6. For almost all vector fields X ∈ E ıω(M,Σ), the vector
space I1X(M) of X-invariant distributions which belong to the dual weighted
Sobolev space H−1W (M) (i.e. solutions DX ∈ H−1W (M) of the equation SD = 0)
has precisely dimension g ≥ 2. There exists a splitting
(9.37) I1X(M) = I1X(λ′1)⊕ I1X(λ′2)⊕ · · · ⊕ I1X(λ′s) ,
where the dimension of the subspace I1X(λ′i) is equal to the multiplicity mi(X)
of the ith Lyapunov exponent λ′i(X) > 0 of the Kontsevich-Zorich cocycle on
the connected component C(1)X , such that the following holds. Let ΦTX denote
the flow of the vector field X. Let f ∈ H1W (M) be any function such that
(9.38) DX(f) = 0 , for all DX ∈ I1X(λ′1)⊕ I1X(λ′2)⊕ · · · ⊕ I1X(λ′i) ,
then, if 0 ≤ i < s, for all p ∈M with regular forward trajectory,
(9.39) lim sup
T →+∞
log | ∫ T0 f(ΦX(p, τ)) dτ |
log T ≤ λ
′
i+1(X) ,
and there exists DXi+1 ∈ I1X(λ′i+1) \ {0} such that, if DXi+1(f) 6= 0, then equality
holds in (9.39) for almost all p ∈M .
If i = s in (9.38), then, for all p ∈M with regular forward trajectory,
(9.39′) lim sup
T →+∞
log | ∫ T0 f(ΦX(p, τ)) dτ |
log T = 0 .
Proof. The X-invariant distributions DX ∈ H−1W (M) are related to
S-invariant distributions DS ∈ H−1q (M) by the following formula:
(9.40) DX(f) = DS(W−1f) , f ∈ H1W (M) .
Let E+i (q) ⊂ B1q(M), i ∈ {1, . . . , s}, be the eigenspace, corresponding to the
Lyapunov exponent λ′i(X) > 0, of the Oseledec’s splitting (9.15
′) for the restric-
tion of the cocycle Gct on closed currents of order 1 to the connected component
C(1)X . Let C+i,j ∈ E+i (q), j = 1, . . . ,mi(X), be a basis for the space of basic
currents of order 1 of the horizontal foliation Fq = FX . By Lemma 6.6, the
distributions
(9.41) DSi,j := C+i,j ∧ ηT ∈ H−1q (M)
are S-invariant. Let DXi,j be the corresponding X-invariant distributions given
by (9.40) and let I1X(λ′i), i ∈ {1, . . . , s}, be the vector space generated by
{DXi,j | 1 ≤ j ≤ mi(X)}. Let αf := fηT , f ∈ H1(M). By (9.23),
(9.42) γTq (αf ) =
∫ T
0
f(ΦS(p, τ)) dτ .
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Since, by (9.41), C+i,j(αf ) = DSi,j(f), it follows from Theorem 9.5 and (9.31)
that (9.39) and (9.39′) hold in the case X = S for all functions in H1(M). The
S-invariant distributions DSi+1 ∈ I1S(λ′i+1), 0 ≤ i < s, such that DSi+1(f) 6= 0
implies equality in (9.39), are constructed as follows. By Theorem 9.5 and
Remark 9.5′, for each i ∈ {1, . . . , s}, there exist a sequence of flat cylinders
A
(i)
k ⊂ Mq, with area uniformly bounded away from zero, and a sequence
T (i)k > 0 such that, for any sequence of q-regular points p(i)k ∈ A(i)k ,
(9.43) lim
k→+∞
log |Π+iq
(
γ
T
(i)
k
q (p
(i)
k )
)|−1
log T (i)k
= λ′i .
Since Π+iq projects onto a finite-dimensional subspace, by passing if necessary
to a subsequence, we can define
(9.43′) DSi := lim
k→+∞
Π+iq
(
γ
T
(i)
k
q (p
(i)
k )
)
|Π+iq
(
γ
T
(i)
k
q (p
(i)
k )
)|−1 ∈ I
1
S(λ
′
i) .
By (9.32′) the limit in (9.43′) does not depend on the choice of the sequence
of points p
(i)
k ∈ A(i)k . As in (9.29) we define
(9.44) A(i)q := ∩N∈N ∪k≥N A(i)k .
Since the area of the sets A
(i)
k is uniformly bounded away from zero, A
(i)
q has
positive measure. By Theorem 9.5, (9.32′), (9.42), (9.43) and (9.43′), for all
q-regular p ∈ A(i)q , there exists a sequence Tk := Tk(p) > 0 such that, if
f ∈ H1(M) and DS(f) = 0 for all DS ∈ I1S(λ′1)⊕ · · · ⊕ I1S(λ′i−1),
(9.45)
1∣∣∣Π+1q (γTkq (p))∣∣∣
−1
∫ Tk
0
f(ΦS(p, τ)) dτ → DSi (f) .
Since A
(i)
q has positive measure and, for almost all q ∈ M(1)κ , the flow ΦS is
ergodic (see [35], [43]), (9.45) holds for almost all p ∈ Mq along a sequence
Tk := Tk(p). We have therefore completed the proof of Theorem 9.6 in the
case X = S.
Let f ∈ H1W (M), then by definition W−1f ∈ H1(M). Let γTX(p) be the
forward X-orbit of the (generic) point p ∈M up to time T > 0. We have
(9.46)
∫ T
0
f(ΦX(p, τ)) dτ =
∫
γT
X
(p)
W−1f ηT ,∫ T
0
W (ΦX(p, τ)) dτ = Lq
(
γTX(p)
)
.
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In addition, by the Birkhoff ergodic theorem, for almost all p ∈M ,
(9.46′) lim
T →+∞
1
T
∫ T
0
W (ΦX(p, τ)) dτ =
∫
M
Wω =
∫
M
ωq = 1 ,
Hence Theorem 9.6 for a vector field X = WS follows from the case X = S
proved above.
We conclude the paper by listing some related questions we have left
unanswered:
Question 9.7. Does the Kontsevich-Zorich cocycle have a simple Lya-
punov spectrum, with respect to the canonical absolutely continuous invariant
measure? The affirmative answer, conjectured by M. Kontsevich and A. Zorich
in the joint paper [38], is strongly supported by the numerical evidence reported
in [78], [79], [81], [38]. Our paper proves the conjecture in the case of g = 2. It
is unclear to the author whether similar methods can yield a proof in the case
of genus g ≥ 3.
Question 9.8. Is the Kontsevich-Zorich cocycle non-uniformly hyperbolic
(or has it simple Lyapunov spectrum) with respect to other invariant ergodic
measures of the Teichmu¨ller flow? In particular, it would be interesting, as
J. Smillie suggested to the author, to know the answer for periodic Teichmu¨ller
disks such as those constructed by W. Veech in [67], which correspond to a
class of rational triangular billiards. By the methods developed in this paper,
a preliminary step would be to answer the question whether the support of
the invariant measure µ under consideration is contained in the determinant
locus. In case the answer to the latter question turns out to be negative, it
would then follow at least that λµ2 > 0 (Theorem 3.3). It seems likely that in
the case of Veech surfaces, other known methods would be more effective. The
methods described in [21] can probably be applied to prove that the Lyapunov
spectrum is simple. We owe this remark to A. Eskin.
Question 9.9. Do there exist basis {C±1 , . . . , C±g } ⊂ B1±q(M) of basic
currents of order 1 for the horizontal, respectively the vertical, measured fo-
liation F±q at an Oseledec regular point q ∈ M(1)κ with the property that in
fact C±i ∈ Hλi−1q (M), the dual Sobolev space of currents with negative expo-
nent λi − 1 ? This question was formulated independently by M. Kontsevich
when we told him about the results of Section 8.1. According to Lemma 8.2,
this question can be asked at any regular q ∈ M(1)κ at which the Lyapunov
exponents λ1, . . . , λg are non-zero. A partial form of the question can also be
asked in the case that, for any k ∈ {1, . . . , g}, the exponents λ1, . . . , λk are
non-zero and λk+1 = 0. In the case k = 1, we remark that we can choose
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C+1 := ηS and C
−
1 := ηT , which are smooth currents. Hence we indeed have
that C±1 ∈ Hλ1−1q (M) = H0q(M). An affirmative answer in the case k > 1
could possibly be obtained by strengthening the proof of Lemma 8.2.
Question 9.10. What is the dynamical significance, if any, of basic cur-
rents which are of order l > 1? We have proved in Section 7.1 that all coho-
mology classes in a codimension 1 subspace of H1(M,R) can be represented
by basic currents of order higher than 1. A natural speculation is that they
are related to lower order (polynomial, sub-polynomial?) deviations of ergodic
averages for sufficiently smooth functions.
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